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You can use the theorems from the book or proved in class, but you should
indicate which theorems you are using. You can use the fact that a vector
space with a finite spanning set has a basis. If you give a counterexample
in the proof or counterexample problems, you should explain why
your example is a counterexample

V and W are finite dimensional vector spaces over a field F. Both

V and W are not ‘the zero vector space. You can assume Fis a
subfield of C. ‘

TV oW is linear, R(T) is the range of " and N(T) is the null space of
T.



1) a) Suppose a1, ay, ...y, € V. Define what it means to say {1, qo,...0n}
span V. Be very careful to use complete sentences and phrases such as “there
exist” (or 3) and “for all” (or V). F is the scalars.
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b) Define what it means to say oy, as, . .., are linearly independent. Com-
plete sentences!
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2) Suppose a, B, 7 are liné‘arly independent. Show a+ 8, S+~ and Y-+« are

linearly independent. Say what you are doing in complete sentences,don’t
just compute.
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3) Suppose V and W are finite dimensional and T : V — W is linear and
surjective. Show there is a linear S : W — V so that T'S is the identity on
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for 8 € W. Hint: Define S on a basis'of W.
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4a) Suppose T: V =V and S : V — V are linear and V is finite dimensional.
g/’ Suppose T'S is injective (one to one). Show T is injective.
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4b) Give an example of a vector space V and a linear transformations % f T
T:V—Vand S:V = Vsothat-F injective, but T is not injective.
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5) Suppose {ay, ay, . . ., e} are six distinct elements of V. Suppose {01, az, a3}
is a basis of a subspace W; C V and {04, 05,06} is a basis of a subspace

W> C V. Suppose W1 N W, # {0}. True or false: {ai,02,..., a6} is linearly
dependent. Proof or counterexample.
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Extra credit (10pts): Suppose T : V — V is linear and V is finite dimen-
sional. Suppose T? = T'. Show V = R(T) + N(T) and R(T) N N(T) = {0}.
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