Math 115AH
Midterm I
November 3, 2017

Extra Credit Problem:

You can use the theorems from the book or proved in class, but you should
indicate which theorems you are using. You can use the fact that a vector
space with a finite spanning set has a basis. If you give a counterexample
in the proof or counterexample problems, you should explain why
your example is a counterexample

V and W are finite dimensional vector spaces over a field F. Both

V and W are not the zero vector space. You can assume F is a
subfield of C.

fIZ{T V' — W is linear, R(T') is the range of T" and N(T) is the null space of



1) a) Suppose T : V = V is linear. Define what it means for T' to be onto,
a.k.a sujective. Be very careful to use complete sentences and phrases such

as “there exist” (or 3) and “for all” (or V).
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b) Suppose ay,0z,...an € V. Define what it means to say o, @2,...Q, are
linearly independent. Complete sentences!
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2) Suppose the dimension of V is n. Suppose T : V' — W is linear and
suppose {ai,as,...ar} C V. Either provide a tight rigorous proof with
complete sentences if the followmg are true or an explicit counterexample.

a) True or false: If T(cn), T(0g), . .. T(ayx) are linearly independent, then T
is one to one, aka injective. -
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T Oy 100), -, 1) spen W, TS nt
[\Ct,e.-&)r all W'é\/\/ 3 a€V sumﬂmjld w)

B \e. \’Uwf\(oe V‘{ T "Wu

nothinear.

) ot linee

47

s not 0’7(¢f“0‘(}71€)'

0o r‘l‘/ 3/10‘61"’”“(5”"-
0 Md .—‘dl: (.C} {

Trwe . W e show +f
/.

S Ace —[(0(‘\ T(_dq) T("n) span W)
for all W €W

T () T o) * - F p Ttn) o some Sodels €t ooy e €€
(,| \ \

w’:—
Sinee T i$ dinear,

w= [ (c\d.«—(,,,otv,*""“Cno‘K)
Since Vis a vedo spocey and {O(\)O(Z)">°‘k-k CV)

A= (Xt oty & - CRK €V.

3
So TA=w and for all W€W,3d€\/ s-ho o= v (e Tis oato)

A 410 0




3) Suppose dimV =2 and dimW = 3 and that T : V — W and U:W >V
are linear.

a) Can you find an example of U and T so that UT is invertible? Either find
an example or prove that there is no such example.

T: R RS (’;)H(’g)
Ui RS RE (%) 4 (3)

UT: RE e (f/) PN (’y() q,%wwm\%f o 1d .

A0

b) Can you find an example of U and T so that T'U is invertible? Either find
an example or prove that there is no such example.
No, TU cannot be invertible.
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4) Suppose T : V — V is linear and V has dimension n.
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a) Suppose n = 3. Can you find an example of a T so that R(T) = N(T')?
Either find an example or show that none exists.
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b) Suppose n = 2. Can you find an example of a T’ so that R(T) = N(T)? (?)y)
Either find an example or show that none exists. '
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5) Suppose W1 and W, are two subspaces of V and that a; and a; are a
basis of Wi and that §; and B, are a basis of W,. Suppose Wi N Wz =

{0} True or false: The set {o1, 9, B1, B} is linearly independent. Proof or
counterexample.
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lélxtra credit (10pts): Suppose dimV = 4 and that T : V — V is linear.
I;ppose the rank of T'is two, i.e. the dimension of dim R(T) = 2. Suppose
T" =T. Show there is a basis B of V so that [T] is
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