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Midterm 2 Please put your last name first and print clearl
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~ NO BOOK - NO CALCULATOR -

You can use both sides of the sheet for each problem. If you use extra sheets,
write your name on them, and indicate which problem you are treating.

All answers must be stated clearly.

All answers must be justified (except for Problem 1).

Verbiage will be ignored or counted negatively if wrong. Good luck!
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Problem 1. [5 pts
Answer only by “True” (T) or “False” (F) without justification.

(a) Two finite-dimensional vector spaces with the same dimension are always
isomorphie.

—

v

(b) The sum S + T of two linear isomorphisms S,T : V — W is again a
1ine;rjzowrphi'sm.

(c) Consider a square matrix of the form A = £

g B/
matrix. Then A is invertible if and only B and D are invertible.

T rve
e

with B a square

(d) A square matrix whose characteristic polynomial splits completely is di-
agonalizable.

e

() For A € M,x,(R) to be diagonalizable, it suffices that the geometric
multiplicityof every eigenvalue of A equals its algebraic multiplicity.
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Problem 2. [5 pts]

Suppose that T : V — V is diagonalizable, with dim(V) = n. Let fr(t) =
(=1)™™ + ap_1t" 1 + -+ + a1t + ag be its characteristic polynomial. Prove
that fr(T) is the zero linear transformation, where we recall that fr(T") =
(=L)"T™+apn TP v obay Tag Idy. [Note: This is true without assuming:
T diagonalizable, by the Cayley-Hamilton Theorem, but you cannot invoke

that theorem here, of course]
1B 7
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Problem 3.

4 pts]

Give an example of a linear transformation T : V = V with two eigenvalues:

A1 = 4 with @lgebraic multiplicity 3 and geometric multiplicity 2, and A2 =
V3 with-algebraic multiplicity 4.and geometric multiplicity 3.

N 7V [ A=l g )
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Problem 4. [5 pts)
Consider the linear transformation 7' = Ly : R? — R? given by the matrix

3 1
A= |—=1 2|. Give the matrix of T with respect to the ordered bases
4 2
t.
L 1 1 . T
B={[§],[H}andc={ 1{,lo],|2 } G [ ]Jﬁ
1 1 2
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Problem 5. (g pts]

Prove that the transformation 7 : R® — R3 defined T

I1 3x1— 213
T(| z2 |)=| 221+ 22— 233
Z3 41y —3x3

is diagonalizable, and diagonalize it.
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