Math 115A
Linear Algebra

Midterm

Instructions: You have 50 minutes to complete this exam. There are four questions,
worth a total of 40 points. This test is closed book and closed notes. No calculator is allowed.

For full credit show all of your work legibly and justify your answers. Please write your
solutions in the space below the questions; you can go over the page and continue on the
back; INDICATE if you go over the page and/or use scrap paper.

Do not forget to write your name and UID in the space below.

First name: \(\;"\%
Last name: Z-lf-ou\
Student ID number: _10% 6L633

Number of additional sheets attached: _.

Question | Points | Score

1 10 |0
2 10 | 9
3 10 |0

4 | 10 |2
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Here are the axioms for vector spaces, in case you need them.

(VS1) Frall z,yin V,z+y=y+z.
(VS2) Forallz,y,zin V, (z+y) +z=z+ (y +2).
(VS 3) There exists an element in V denoted by O such that z+ 0=z foreach z in V.

(VS 4) For each element z in V there exists an element y in V such that z+y = 0.

(VS 5) For each element z in V, 1z = z.
(VS 6) For each pair of elements a,bin F and each element z in V, (ab)z = a(bz).

LT T

(Vs7) Foread:elementainFa.ndea.chpa.irofelements:r,yinV, a(z+y) =az+ay

T e

(Vs 8) Fbread:pairofelementsa,binFandeachelementzinV, (a+b)z=az+bz.

-..----.-—.,.,_——,4-—-—_._..__“____‘

Scanned with CamScanner



Problem 1.
Let V and W be vector spaces over a field F.

(a) [5pts.] Define what it means for a map T': V — W to be linear.
(b) [5pts.] Let g(z) = &® + ™= € F(R,R). Prove that the map

T: Ps(R) = F(R,R)
p(z) — p(9())

Q) For & wag TV 2l to lincar it vt Satisfy +hat
a) ‘d'x-uj &V
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b) b’?&é—\)) cef

TCC?L) = ¢ -0 .
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T +h60))
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Problem 2.
Consider the linear map

T: P(R) = Maxa2(R) |
2 c—a 'b' AT
ax*+br+c— ( t g c)

(a) [3pts.] Find the representation matrix of T' with respect to the standard ordezed -
bases § = {lz:c}a.nd'y {Er1, Br2, E211E22} ' '
(b) [4pts.] Find N(T) and its dimension.
(c) [3pts.] Find a basis of R(T). i
Remember to Justlfy your answers. You do not need to prove that Tis hnea.r
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Problem 3. 10pts. ' v

Let V and W be vector spaces over a field F, and let Tp: V — W denote tlxe zeng Sep
(ie., To(z) =0 for all z € V). Let T: V — §'be a linear map such that T° = To.

Prove that T = Ty if and only if R(T) N N(T) = {0}.

. -2
—2 o .
!

AT < M-

Park D) Llaba: RED € NED F T2=To TeUV (o,
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T = T*n) = To(w) =2
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Problem 4.

(a) [5pts.] Let V beavector space of finite dimension over a field F, and 8= {v1,..-,Va} +
be a basis of V. Suppose that ai,...,a, € F are non-zero scalars. Prove that
v = {avy,.. -yGnUn} is a basis of V. . 2

(b) [5pts.] Let V and W be finite-dimensional vector spaces over C a.nd let T V — W
be an isomorphism. Prove that there are ordered bases ﬁ for V and p) for W such -
-that all the entries of [T] are even mtegers . PRl
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