Math 115A

Linear Algebra

Midterm

Instructions: You have 50 minutes to complete this exam. There are four questions,
worth a total of 40 points. This test is closed book and closed notes. No calculator is allowed.

For full credit show all of your work legibly and justify your answers. Please write your
solutions in the space below the questions; you can go over the page and continue on the
back; INDICATE if you go over the page and/or use scrap paper.

Do not forget to write your name and UID in the space below.

First name: Z'l‘], i’“g

Last name: Jioma

Student ID number: 20491] fe2

Number of additional sheets attached:

Question | Points | Score
1 10
2 10 i
3 w | ¢
4 10 | Y
Total: 40 X
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~ Here are the axioms for vector spaces, in case you need them.
(VSI} Far#ﬁx.yinv.z+y=y+z.
(VS2) Forall z,y,zin V, (z+y)+z=z+(y+:2)
(VS 3) The:reeﬁstsanelanentinVdenotedbygsuchthat::+Q=zfore&cbxin Ve
- (VS 4) For each element z in V therea&stsanejementyinVSuch that z+y = 0.
(VS 5) For each element z in V, 1z = z.
(VS 6) For each pair of elements a,b in F and each element z in V, (ab)z = a(bz).
(VS 7) For each element a in F and each pair of elements z,y in V, a(z + y) = az +ay.
(VS 8) Forct_achpairofelementsa,binf‘andeachelementzinV, (a+ b)z = ax + bz.
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Problem 1.
Let V and W be vector spaces over a field F.

(a) [5pts.] Define what it means for a map T: V — W to be linear.
(b) [5pts.] Let g(z) = e* + e € F(R,R). Prove that the map

L PS(R) ~% f(R,]R)

p(z) ~ p(g(z))
is linear.
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Problem 2.
Consider the linear map

T: P(R) = Maxa(R)

2 c—a b‘
az‘*+ bz +crr b, a—c

(a) [3pts.] Find the representation matrix of T with respect to the standard ordered
baSGS 5 = {14 2,I2} a'nd = {El,laEl,mEl,hE?ﬂ}‘

(b) [4pts.] Find N(T) and its dimension.
(c) [3pts.] Find a basis of R(T).
Remember to justify your answers. You do not need to prove that T is linear.
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Problem 3. I Opts. : /-

L.et V and W be vector spaces over a field F,and let Ty: V = JX denote the zero map
(ie, To(z) =Qforall z € V). Let T: V — W be a linear map such that 7% = Tp.

- Prove that T = Ty if and ouly if R(T) N N(T) = {0}
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.Prnblem 4.

(a) [5pts)] Let V bea vector space of finite dimension over a field F, and 8 = {vy,... ,Un}
be a basis of V. Suppose that a,,...,a, € F are non-zero scalars. Prove that
¥ = {aiv1,...,a,0,} is & basis of V. .

(b) [5pts.) Let V and W be finite-dimensional vector spaces over C, and let T: V = W
be an isomorphism. Prove that there are ordered bases § for V and 7y for W such
that all the entries of [T} are even integers.
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