Math 115A
Linear Algebra

Midterm

Instructions: You have 50 minutes to complete this exam. There are four questions,
worth a total of 40 points. This test is closed book and closed notes. No calculator is allowed.

For full credit show all of your work legibly and justify your answers. Please write your
solutions in the space below the questions; you can go over the page and continue on the
back; INDICATE if you go over the page and/or use scrap paper.

Do not forget to write your name and UID in the space below.

First name: Z"@ J Y
Last name: J iand

J
Student ID number: 204 7171! 52

Number of additional sheets attached:

Question | Points | Score
1 10 10

2 10 4
3 10 {O

< 10 j
Total: 40 |33
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Here are the axioms for vector spaces, in case you need them.
(VS1) Forallz,yinV,z4+y=y+z.
(VS2) Forallz,y,zin V, (z+y)+2z=2z+ (y+ 2).
(VS 3) There exists an element in V denoted by 0 such that £ + 0=z for each z in V.
(VS 4) For each element z in V there exists an element y in V such that z +y = 0.
(VS 5) For each element z in V, 1z = z.
(VS 6) For each pair of elements a,b in F and each element z in V, (ab)z = a(bz).
(VS 7) For each element a in F and each pair of elements z,y in V, a(z +y) = az +ay.

(VS 8) For each pair of elements a,b in F and each element z in V, (a + b)z = az + bz.
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Problem 1.
Let P=“YneN,ImeZ,n-(n+1)=2m".

(a) [3pts.] Write the negation =P (your answer must not contain the negation symbol

=

(b) [7pts.] Prove P by induction.
®) dneN ¥meZ nn)7om

L) m w‘. n:,. !s(H,) :2 =D L m;, éZ. hw,‘éwﬂd
Inductive ctep: Suppoe.. ken ImeZ, kekrl)=am.

prove : JInleZ GHH-(—(G—&?—‘-;M)- U:.-ﬂ)L[(-ﬂ)-ffI-,—)m)

ktyekez). = g4 3Kk 42 { kekti) t20kt1) = 2m+2ektt) =2 (mrkrt)
w= mektl € Z.,

Indwirive Q'{OP s e, \/
Thus: YneNV, I meZ, nind =2m,
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Problem 2.
Recall that F(R,R) is the vector space over R of all functions from R to R.

(a) [2pts.] What is the zero vector 0 of F(R,R)? Why?
(b) [8pts.] Let g € F(R,R) be a fixed function from R to R, and define

W={feFRR)|fog=0}.

] 3.4

Prove that W is a subspace.

(gx)) =20
a) Foh=0. FCR0), ’[7 $K
s 3: | Bl
[{f‘- . f‘}é-. 16 Fi by 5 R IJ"'Qi"‘

¥ B e FCRR).

j-t.o. -'xf.
6R., yeR foor-g F(x.0) =0
fuw+ Foo)y = Y+ 0 =y,

[ Feco) s th 200 vecuY. s

FLX) = x
FLXt8).=xt0
T tF® =X 10
Fxd=p.

B0 0 €eW. 2 Vs Fihog Lot Xegx ¥ X= g0, FX) Flguo ) =F(x) =2,

¢ X1
@# 4 ew,ﬂrw u Xgw) =0 Yigw) -e _?ffgf)(f”f X?Y(J&r)) —-2)

@ -«b“me, xeW aXe W e
; 7 Let)((gu))—o a-Xgw ) za-e =0 a.x e W.
Y ¥ wd ”’fﬂ # (% ¢ & hn
J * L PR Y Y i
I b 4 <4
X ]..“,f *
if"% v 4 NeYE
bl Rigowd <o taX 1) Ye Xiaia 1- @
@ \

e 3
bl e £ el
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Problem 3. [0pts.

Let V be a vector space over a field F, and let v € V. Prove that {v} is linearly
dependent if and only if v = 0.

Fosf  arg aqlzgs
If vee,§03 is lineanly dapersloms

let a=/ ,a6F : @.V = [0 =0 (Vss)
@ afo |, this i @ nenivial lmesy combination

vl i li»«mld a[afemM

I 43 L‘mew/%—ofopmdmt ;D=0

Pmle,,::j ceneradiction -

Suppose thot v #o0

YouFwoa. Vo | 13 & l'-mij incloperclont.
Thas, ¥ must be. 0 , inoder 1o have afp ,av=g

(* Vi
e V:E fj W”Vnmfalid.

”n .

av
: ’5 av. avanetallo

Qvn

oV #o

S

a\:

Ovﬂﬁ WOf"LQ l‘n F“
Rul the Bt Yot V#O aud 0fO

sl Q,V%O s *'we in\ﬁe
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ohiem 4. :
X Recall that the sum of two subspaces W and Z of V is defined as

W+2Z={w+zlweWzeZ}.

Let V be a vector space over F, and let S, S C V be subsets.

(a) [3pts.] Give an example where span(S; U 52) # span(S;) U span(

S3).

(b) [7pts.] Prove that span(S; U S) = span(S51) + span(Sz).

e

2

e

@ 6:€(DY  S={(4B

V=7
505 =§(8)0b)3
Spor 0: 18 (3) |¥ 26FS,
Sporkgs) :{ (3) | yasTS,
Q{:GMC('IUS{) i (g) lv. a'ba:fs.
B )e 1) £1(4) e OUS)

D ESmE) )k Som(5) 0 GanS)
)% Spenis) 1 f’/‘m

() Spom () tSpamls; ) €, om(50%,)

'V-‘U 6 ;FQ"\ g.'- :7a.~~a,,.

AVt =10t U =V
YVw e ﬁwm.gz_ Jby-bn
LI Vs ~--1L-n th =w_

VtW = a4, U,

'[fu; A ?TW
(W) V&5, o vis, Lyesile 7
tw & Som (SUS)

This. (5 US) =pam(5) t5m(5)

What
v?

Let-S—= Gt b= e e —-Comrerortap -

VargSommtstiésr—stisr=§—F:
Fa—a—

O spom (5 US,) & Pon B0 tSom(S,)

gl =? vl,.l Iy Vbﬂs Sl:'gvl;l e Vlnns.
N
SwS, =Su, --L@Ij’

YuieGUS) wieS, or el

New MML',WS k<m Qb vty &6, Ukat ~UUme S,

Then Q.0 -.. cUr & 9fom Si
a&!faaﬂ w1 Amlm &Q,)omg)_'
Spom.(51US.) € Goam() $pan 6/

ng n!cﬂ;banl
Gnike

gH?‘V& QPML&UG;) 0 -COm At~ tQmlm = V.

ﬂlu,f. , W com ‘%U:&.
gtUSI Mo Y S
where Zﬂ T
Utk 6%
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