20S-MATH115A-4 Submission Midterm

ANDREW NG

TOTAL POINTS

100/100

QUESTION 1

1Problem 125/25
v + 25 pts Correct
+ 7 pts Found RREF of the matrix
+ 7 pts Found correct basis for N(T)
+ 4 pts Found partially correct basis for N(T)
+ 7 pts Found correct basis for R(T)
+ 4 pts Found partially correct basis for R(T)
+ 4 pts Found rank and nullity

-1 pts Typo or minor mistakes

QUESTION 2
2 Problem 225/25
+ 6 pts (a) correct
+ 6 pts (b) correct
+ 6 pts (c) correct
+ 7 pts (d) correct
+ 3 pts (a) partially correct
+ 3 pts (b) partially correct

)
)
)
)
+ 3 pts (c) partially correct
+ 4 pts (d) partially correct
C

v + 25 pts Correct

QUESTION 3
3Problem 3 25/25
v - 0 pts Correct
- 3 pts Typo or calculation errors

- 15 pts Wrong matrix representation

QUESTION 4
4 Problem 4 25/ 25
v + 25 pts Correct
+ 4 pts N(T)
+ 4 pts R(T)
+ 4 pts Basis for N(T)
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+ 4 pts Basis for R(T)

+ 1 pts Rank and Nullity

+ 4 pts Intersection of N(T) and R(T)
+ 4 pts N(T) + R(T)

- 1 pts Minor mistakes



Problem 1. (25)

Let T be a linear transformation from R* to itself defined by T'(x) =
Ax where

A:

N
T N =
O W
— O W W

and x is a column vector in R*.
(i) Find a basis of the null space of T'.

(ii) Find a basis of the range of T.
(iii) What are the nullity and rank of 7'? ——
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Problem 2. (25)

Let V be a vector space over a field F. Suppose that W; and W, are
two subspaces, neither of them is contained in the other. Prove or
disprove the following statements:

(a) Wy UWs is a subspace;

(b)Wy + W, is a subspace, where Wy + W is defined to be the
collection of elements of the form z = x + y with x € W, and

(c) any element z in W;+ W, can be uniquely expressed as z = z+y
with z € W, and y € Ws.

(d) dim (W + W) = dim Wi + dim Wa if Wi 0 W, = {0}
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Problem 3. (25)

Given two matrices A = 8 (1) and B = (1) 8 } , define two

linear transformations T4 and T form M, »(R) to itself by the for-
mula T4(X) = AX and Tg(X) = BX for X € M;3(R). Let
B ={e11, €12, €21, €22} be the standard basis of My2(R).

(i) Find the matrices [T4]s and [TB]s.
(ii) Find the matrices [T4 o Tgg and [T o Tas.

(iii) Find the matrix [(T4 0 Tg — Tg 0 Ta)"]3, where (TaoTp —Tpo
Ta)" = (TaoTg—TpoTa)o(TaoTp—TgoTs) - (TacTs—TpoTs)
is the n-fold composition of (Ts c Tg — T 0 Ta).
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Problem 4. (25)

Let V = M, »(R) be the vector space of n by n matrices with entries
in the field R and T : V — V be a linear transformation defined by
T(X) =X — Xt for X € V, where X" is the transpose of X.

(i) Find the null space N(T') and the range R(T).

(ii) Find a basis for N(T) and R(T') respectively. What are the
nullity and rank of 77

(iii) What are the intersection N(T') N R(T) and the sum N(T') +
R(T) ?

‘(X'XT)" = X;j‘XT;3 = A =X

1
3
w % v C\/ \/\) _-\/_)' \v/ % ’J<n-% }E Or  mafrices vherc 5>/rw'?yv>(,l“r/,; /f"lvw,;,'*/;’(f-ﬁ
1f (\( X ;‘.:\ = i = X = O = ‘0/5 0 Ionoj C}"l’n:}ﬁﬂfj ’

N )

) X‘J-Xy - -(x)i '.X;}> = '(X’XT))'] = 'T(X)JI = SL:»J g,},,-fn;nffnc

i) ‘ ‘3
XMT\ = $ve: V= =Vyi \Ln)~”3) the space of all pxn ske~ 3\/”“"’”'C
------ a*’r*u"‘, Or pmoltrices u[.”,'( x "'x

VeV : vy =y =Y 120 5,20

al®

| { ¢ Q V\*
B (287 A (Bas) (959) Cof
[ :\ | 2% J, 52,0/ ,\UL0/, ot
o .- 4 A s
/ S— - . i

) bosis oF mCT); (i 1eieny U((

Can be COMHMGJ +o !
becose. doesn’t modter i
ome on c“/me)wcf

s ,‘m)w?‘u:, e

N i £)En —m,nu

oy U element per

. wh feh ou/efma(‘a 4o

olve
{\ﬂ r)DSS V. 5) X ( n‘;’\ ledtﬁ of ) For" c,,aJ\ ‘

At e st B S

4 (bosis mLN(ﬂB - n"Th . nu”\L/ of T ﬂ}




®

(o) o ot KTVl ol of ool i b o

Blements of ~ Losls < hould be pmotrices where me\/

. fo..pﬁfs
m')u = ik ==l i), lﬁdém" “)i,./ Ktlxifmcml
& of ﬂ(T) %(E')—EJ‘> L‘.‘r \ﬁa—(-'fn// ){Jén‘;g) on 7
¥ ik .
)—l/"’ ‘<5,m - n-\ el wee 0 ¢lements pe’ i p

n-1

hvc[ﬂ W Prat + —

(n \/o}w5 (W/\[\W’) auéreges 12 T3,
T

:7@ T = ﬂ/-%':?l = #(laﬂsf) o fF {L(T))

(i) v () A R(T)

=) %~ [cien

Vi =050 For 12y, iem

J
Vi.t -V [p,. ) & Ve
) ) J7 .
\/.« ==\ ;2 ‘;7 Voo = O {5( "5’ )l\\(’-—rm 7"7 N (T) /) ,z (T) = %O%
M ) 1)
N(T) +R(T)

Al By CNT ¥ B(T) for 167€n, |e)em beause:

For \'), E'J CN(T) becouse V \/ \]:)-. Lor QUQ}') Matrices

For 73, By 1£E33+E3;+E53-E33>/1,\ ond
E;iJ' E; e"l(T), Eq) ~Ep &R(T), 50 'E’) Car be

Writhen @S V' reor corﬂ}y{/”)ah”"n of e{e;mmb e

N(T) o‘nr} K(T), 50 vty ,K/(’T) 'P)ZCT)

Because. oll clements  of e  chopolord Lasts of V ore e
NT)+ RCT) = Ne NT) + RO

Bocavse  N(T) €V ond ‘L(T)Q\/, ond V 5 o veclo Sy79cC
so W i dosed unde oddit, any neNTEV v rep(t]eg
sl n VS NOITR(T) ey

Thoe N+ R(T)




