MATH 115A Miditerm I, Fall 2018
Name:

Justify All Your Answers

Problem 1. (5} -
Let T be a linear transformation from R* to R® to itself defined by T'(x} = Ax
where Ve \/Q
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and x is & column vector in R*,
(i) Find a basis of the null space of T.

(ii) Find a basis of the range of T.

i) What is rullity and renk of T7 ,
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Problem 2. {5)

. Let V. be a vector space over & field F. Suppose that Wy and W, aze two
subspaces, neither of them is contained in the other. Prove or disprove the
following statements:

{a) W1 N Wa is a subspace;
(b) W1 UWs is a subspace;

Ae)W1 + W> is a subspace, where‘Wl + W is defined to be the collection of
elements of the form 2z =z + y with ¢ € W and y € Wa.

(d) ¥ Wy N'W, = {0}, any element =z in Wi + W5 can be uniquely expressed as
z=az+4y withz € W3 and y € Ws.
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Let V = P(R) and W = Fy(R) be the vector spaces of real polynomz
a.ls of degree less or equal to 4 and 3 respectively with the standard bases

= {1,7,2% 3%,2%} and 7 = {1,z,7%,2°} accordingly. Consider the linear
tra.nsforma.honT V -+ Weandl: W — Vgven by T(f) = fend U(g) = e
respectively.

(1) Find the matrices [T]} and [U7}5.
(ii) Find the matrices [U 0 T)s and [T'e Ul

(iif) Find the matrix [(UoT)™s. Here (UeT)" ={ToT)o(UsT)e---0(UeT)
is the n-fold composition of U o T
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Let V = My,(R)-be the vector space of 2 by 2 matrices and T: V —+ V be a
linear transformation defined by T(X) = X — X* for X € V. Here X* is the
transpose of the matrix X,

(i) What are the null space N(T') and range R(T) of T'7

(if) Find a basis for N(T) and R(T') respectively. What are the nullity and rank
of T'7

(ifi)What are the interesction N(T) N R(T) and the sum N (T) + R(T)?

Here the sum W;+Ws of two subspaces Wy and W is defined to be the collection
of elements of the form z = z 4y with =z € Wi and y € Wa.
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