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Mathematics 114C, Winter 2019
Yiannis N. Moschovakis
First Midterm, January 31, 2019

Name (last name first): S+ome, JWJW

Signature: WZ&U'

Ly

There are 12 parts of problems, each worth 10 points for a total of 120 and 100 points
count for a “perfect” score; so you can skip a part or two or afford to make a small
mistake. Some of these parts are trivial and some are not—so do first those that you
can do quickly.

There is a blank page at the end which you can use for scratch, and the page before
it has a copy of the transition table for the recursive machine.
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Problem 1. Let

z,y,2 € N)
z, otherwise (2,9,

C(z,y,2) = if (z = 0) then y else z = {y, if z =0,

Determine whether each of the following equations is True or False under the indicated
assumptions and circle which it is:

(la)( Truejor |False] m for all partial functions g(Z), h1(Z), h2(Z) on N,

Clo(& ha(8)) = if (9(&) = 0) the (a:) else ;&2{
Smce_ = esns

onverge o Hhe W “lua o
Af\/efjé,

y

(lb)or  for all partial g() and total hy (%), ha(Z):
Clg(z ) hi(Z), ha(Z)) = if (9(F) = 0) then hi(Z) else ha(Z)

/

(lc) - or m for all partial g(Z) and h(Z):
C(g(Z), h(Z), h(Z)) = if (g(Z) = 0) then h(Z) else h(Z)
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glrobler.n 2. Consider the following recursive program (with just one equation) on
e partial algebra Ng = (N, 0,1, S, Pd) of unary natural numbers,

_ (E) p(z,y) = if (z = 0) then 1 else p(Pd(z), p(z,y))
(2a) Show the computation of (0,3) by the recursive machine which starts with the

.state p : 03, determine if it converges or diverges and determine the value B(0, 3) if
1t converges. :

F: 0% v
\P(0=0) thet | else p(PA(o) P03

| p(P@), Pe9) 7 Q)
|
a ——erP(o,’s) = {]

'\9 (2b) Show the computation of p(2,3) by the recursive machine which starts with the
state p : 2 3, determine if it converges or diverges and determine the value 5(2,3) if

it converges.

P-25

W (a=0) fhen [ dse /p(?d(l),P(Z-’,?:))

| P, P(3) 14

PP P(3I))

PRA@ P(a3)

PRI P A3
pPA(R) P23 v
PR P 9\‘3 — infinte loop —->c(}ve/jeg

(Problem 2 continues on the next page)
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(Problem 2 continued from the preceding page)

(2c) Give an explicit definition of the partial function B(z,y) computed by the recur-
\ sive program E. .
- x=o

P(x.9)= if(m)f ofw

' co fed Llrst
do tedt it e (eff orqumed wos compu
fl;JCXIy) wau(o( eezua( |y et Lyt since owr

“’WO Q’M(c Compu‘ﬁ)l';m’) m@lcz-oa(fa:mpap% {’E r’rfﬁ/
(rgumnent Tirst F g sfuek Gor oy vonzers x

o (and Compaove )
{ QGer “8"‘—?"«‘“" “ Ao Coved Cow g le

@uv Qf.vugu.u.?u Wi W q\-&dr A Cuv(ing

_ TN N O
L woldd uwmule (4,%\‘. eve lu Rk (f&u.

O (2d) Prove that the equation p(z,y) =if (z=0) thten 1 else p(Pd(z), p(x,y)) of the
program (E) has exactly one total solution and find it. 6o e e

> «CC\L,bj)-"" \ Wit b Cou iy
by o —Hpe—sTTANCSS TVETTL

SAIIT= i = TATTOV <5
TL T auother soluflon P‘fofj), we [enow T P (=,
Uy €' (o= o) = |
Assusue Yy P‘(k:9?= Fx9)
Ther IP‘(X“:y) =LF(X4£\(X:y))” p(xﬂ,y):-e(z,‘(‘“(x,y))
o0 P‘(Y*':y)ﬁg(s(ﬁ,,) £'6,2) e @TJ’%

uot(
S0 £'¢ xy) = 1(x, \/ \Wﬁssmpﬁ,f?’ﬂ Z)

V ¢ SO O(j/lo(qb((
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Problem 3. Suppose g(x), h(u,v),a(z), 7(z,y) are total functions on N.
(3a) Prove that there is exactly one total function f(z,y) such that for all z,y,

@ g £0,y) =g(y),

flz+1,0) = f(z,0(x)),
Ffx+1,y+1)=h(f(z, flz+1,1)7(z,y))
{gd-mn. ﬂ'[l(,g)

rested (ecursion lemmac 3o S
_.Q_E{&fm &Wﬁ)-\%f// 4
o Yo b induction, gssume
#c‘w-@ X,9) ¥, %M—F{x,

Chrecke cerateh peye K
Qi »g—vw; 14 Moz OW £ -

(8b) True or false: if g, h, 0,7 are recursive functions, then f is also recursive.

T
\o rue

M\SMK“&—"‘Q

(3c) True or false: if g, b, 0,7 are primitive recursive functions, then [ is also primitive

recursive.

\o False
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Problem 4. The iterates ¢ : M — M of a (total) function ¢ : M — M are defined

for i > 1 by the recursion .
$'(z) = ¢(z), ¢ (2) = B(¢'(@))s--
so that ¢2(x) = ¢(¢'(2)) = ¢(¢(z)), ¢*(z) = $(&(é(2)); -

Suppose M = (M,0,1,g, k) is a total algebra with both g,h : M — M unary, and
define the partial function f : M — M by _

F(z) = g(z) where n.= (ui 2 DI () = 0] »
For example, if h(z) # 0, h%(x) # 0, h3(z) = 0, then f(z) = g3(af), and if h¥(z) # 0
for all 4, then f(z)7.
(4a) Specify a recursive program of M which computes f(z).

i ions on
Careful: M is an arbitrary set, not necessarily N, and so we cannot use functio

) P )= Fx=) Hen 900, else g CRLL)
]73(%)¢ & (x=) thea Wiy, elee h (Pa(Pdo))
[, (x) = if (Fa01)=0) then x else 5 (S60)

RO = RO

Nﬁ‘&'sufé. lrow +o do l“{/lfs wi‘!"hou.“ S, ad FA

L2LIL O id L LA
it e R

—— e s

———

o g —

(Problem 4 continues on the next page)

R
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e
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(Problem 4 continued from the preceding page)

(4b) Prove the claim you made in part (4a), that the recursive program you specified
actually computes the partial function f(z).
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2B. RECURSION AND COMPUTATION 45

(pa.ss) ar: f —sa_zf (IE]W)
(e-call), in general afi:E8 —a:fil@)B
(e-call), for Ng aS:zf—oaztlh

aPd:zf— :x=10

(i-call) apiif — o BE{%i=T): i
(comp) a h(A1,...,An) 2 B —~ahdA - An: B
(br) a(if(A:O)thenBelseC):ﬂ—»aBC'?A:,B

(br0) aBC?7:08 —saB:f
(brl) aBC?:ypf —alC:p (y #0)

The underlined words are those which change in the transition.

F=12Z1,...,LniS a0 n-tuple of individual constants.

In the ezternal call (e-call), f = fiisa primitive partial function of M with

arity(fi) = ni = 1.

e In the internal call (i-call), p; is an 7=
E which is defined by the equation pi(X) = Ei-

e In the composition transition (comp) h is a function symbol (constant or

variable) with arity(h) = n.

place recursive variable of the program

TapLE 1. Transitions of the system T(E,M).

For example, if one of the equations of E in N, is the explicit equation
p(z) = 5(8(=)),

then, for every =, plz) =2 +2 by the following computation:

p:T — S(S(z): — SS(x): — S5z
Sol g8 &E1FES r+2

Recursion and computation, by Yiannis N. Moschovakis

English Versien 1. 2.

January 22, 2019, 16:68. 45
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so £,y D =F 'Okt 0 b Coveor,

So -p(x/y)';\f'(xzy) \y ¢y T buk ¥ p.c.“‘é:-c_« a\: wut
et covpbx L w
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