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Figure 1: Feedback interconnection for Problem 1.

Consider the following linear differential equation:

d

Ewl = —r + 211}2 (1)
So = m+ ®)
dtl‘g = X2 u

1. Assuming that z1(0) = 0 and 25(0) = 0, what is the evolution of z;, in the time domain,
when a step is applied as input at ¢ = 07

We first apply the Laplace transform to the differential equations (1) and (2), using the
fact that z1(0) = 0 and x2(0) = 0, to obtain:

SX1(5> = —X1(8)+2X2(S)
sXa(s) = Xo(s) +U(s) (

—~
=~ W
 —

Eliminating X5 in the above equations leads to:

2
Xi(s) = ——U
=@
If the input is a step applied at ¢ = 0 we have U(s) = % so that:
2 a b c

Xl(s):(s—l)(squ)s:g s—1+s+1

The coefficients in the partial fraction expansion are given by:
a=X1(s)sls=0o=—-2 b=X1(s)(s—1)][s=z1=1 c=X1(s)(s+1)|s=—1 =1

Taking the inverse Laplace transform of X;(s) we finally obtain:

LX) (s)} = —2£7! {é} s {5 ! 1} s { ! } — —2u(t) + ehu(t) + e tu(t)

s+1



2. Assume that we place a controller with transfer function H(s) = Kps+ Kp in a feedback
loop with the system defined by the differential equations (1) and (2), as depicted in
Figure 1. Design Kp and Kp so that the rise time of the closed-loop system is not
greater than 0.9 seconds and the damping ratio is 1.

The closed-loop transfer function is given by:

G 2
1+GH $242Kps+2Kp—1

Writing the denominator in the form s? + 2¢w,s + w? we conclude:

Wn = QKP —1 (6)
¢ = 22Kp — 1 (M

Using the approximation w, > g%, valid for second order systems without zeros, we
conclude that t, < 0.9 implies w, > 2. We thus pick w,, = 2 and obtain Kp = 2.5
from (6). Using now (7) and the requirement ( = 1 we obtain Kp = 2.

3. For your design, compute the overshoot and the settling time.

Since the damping ratio is one, there is no overshoot. For a second order system without
zeros, the settling time is approximately given by %. We obtain o by factorizing s* +
2wps +w? =s?+4s+4 as (s + 2)(s + 2). Therefore, ¢ = 2 and ¢, =~ 2.6.

4. Sketch the step response.

The step response can be sketched knowing the rise time, the settling time, the overshoot,
and the DC gain. All these ingredients have been computed before except for the DC
gain that is given by lim, =2-1

2
s244s+4 4 2
5. Would the closed-loop system be able to track a ramp?

If we define the error e = r — y as the difference between the reference signal r and the
output y we obtain:

FE R-Y Y 2 %+ 4s+2

—:—:1——— =

—1_ —
R R R $2+4s+4  s2+4+4s54+4

As the poles of F/R are stable, we can compute the steady state error to a ramp input

as:
i E1 i s2+4s+21 . %+ 4s+2
ms——=Ilims———
s—0 Rs2 520 524454452

~ 0 s(s?+4s+4)

The system cannot track a ramp since the steady state error is not zero.
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