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1. (10 pts) Consider the events A;, Ay, and Aj. Recall that:
P(Al U Ag) = P(Al) + P(AZ) — P(A1 N Ag)
Use this property to prove that:

P(A;UA,U As) = P(Ay) + P(As) + P(A3) — P(A; N Ay)
—P(As N A;3) — P(A;1 N A3) + P(A1 N Ay N A3).
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2. (12 pts) Suppose Y is a Laplacian random variable, which is defined by the PDF:
fr(y) = he W _ oo <y <00, a>0.

(a) (4 pts) Determine the value of h as a function of a.
(b) (8 pts) Determine the CDF of the random variable Y.
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3. (15 pts) True or False.

Circling the correct answer is worth +3 points, circling the incorrect answer
is worth —1 points. Not circling either is worth 0 points.

(a) Suppose X is a discrete random variable. The expected value of X, £(X), has to
be a value X can take.

(b) Consider the events A, B, and C. Then, P(A,B | C) = P(A | B,C)P(B).

TRUE

(c) Suppose X and Y are dependent random variables. Then, F(X +Y) = E(X) +
E®Y).

(d) Consider a random variable X that is not a constant. It is possible for that
random variable to have zero mean, i.e., F(X) can be 0, but it is not possible for
it to have zero variance, i.e., VAR(X) # 0.

(e) For z >0, Q(z) + Q(—3z/2) < 1, where Q refers to the Q-function.
TRUE

(For Version B — F £F TT)



4. (10 pts) Suppose X is a Gaussian random variable with mean my = 3, and variance
0% = 4. Let Z be another random variable that is defined as Z = 5X + 1. Express

the following probabilities in terms of the Q-function:

(a) (4 pts) P(X < 2).
(b) (6 pts) P(—4 < Z < 16).

Sof . XN/V(slq)

(@ Plx<z)= P22 < &2)

= Eg<o)~¥>g (2) = ¥&2)-(0)

I

R0)—912) = +-9(2)

for Version B — (3‘2 ‘_CP(JQ—)



5. (12 pts) You are a competitor on a game show, and you are given a choice of n doors.
Behind one door there is a car; behind the other n — 1 doors are goats. You pick a
door, and the game show host, who knows what is behind each of the doors, opens
another door, which has a goat behind it. The host asks you, “Do you want to change
your door?”. Assuming that you want the car:

(a) (3 pts) Find the probability that you win the car if you stick to your door choice.
(b) (7 pts) Find the probability that you win the car if you change your door choice.

(¢) (2 pts) Comment on your results when n is large.
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6. (17 pts) There are n boxes labeled 1, 2, ..., n. Furthermore, there are n balls labeled
1, 2, ..., n. Consider the case of n > 2. You place the balls into the boxes. Each ball

has an equal probability of being placed into any box. Find the probability that after
placing all the balls:

(a) (5 pts) Box number 1 is (and possibly others are) empty.
(b) (12 pts) Exactly one box is empty.
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7. (10 pts) Carl and Martin are professional basketball players. They are training on

the mid-court shot. Each one of them keeps trying to make the mid-court shot until
he succeeds. The probability that Carl takes 3 trials to make the mid-court shot is
81/1000, while the probability that Martin takes 4 trials to make the mid-court shot
is 1024/10000. Which player of the two is a better mid-court shooter? Justify your
answer with probabilistic arguments.
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8. (14 pts + 5 bonus) You are playing a game in which you are tossing a fair coin n times.
You select n initially. Each coin toss, irrespective of the coin toss outcome, costs you 7
points. The prize for getting X heads out of all your tosses is given by 4X?% —4X + 12
points. Your number of net points is counted after you finish your n tosses. You win
the game if your number of net points is strictly more than zero.

(a) (9 pts) Find your expected number of net points as a function of n.

(b) (5 pts) What is the range of n (number of tosses) you need to avoid in order to
expect to win the game?

(c) (5 pts) Bonus: What is the least expected number of net points you can get in
this game?
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