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Midterm Solutions

Problem 1 (10 points). The cross-product a x = of two 3-vectors a = (ai,as,as) and
x = (r1, %2, x3) is defined as the vector

A3 — A3X2
aXr= asxr; — a1x3
1T — Q221

1. Assume a is fixed and nonzero. Show that the function f(z) = a X x is a linear function
of z, by giving a matrix A that satisfies f(z) = Az for all x.

2. Is the matrix A you found in part 1 singular or nonsingular?

3. Verify that ATA = (a”a)I — aa’.

4. Use the observations in parts 1 and 3 to show that for nonzero z,
la x z|| = [lal| [|z[| | sin 6]

where 6 is the angle between a and .

Solution.

1. a X z = Az with

0 —as (05}
A= a3 0 -
—as aq 0

2. Singular, because Aa = 0 so A has a nonzero vector in its nullspace.

3. Working out the matrix product gives

[ a3+ a2 —ajay —ajaz
ATA = —a109 CL% + CL% —AagAs
| —ai1a3  —agag a% + a%
[ a?+ak+ d} 0 0 a?  ajay ayay
= 0 at + a3+ a3 0 — | may a4 agas
i 0 0 al + a3 + a3 ajaz asaz a3

= (a'a)I — aa’.



4. From the expression in part 3,

la xz||* = z"ATAx
= 2% ((a"a)] — aa)x
= (a"a)(2T2) — (27a)?
= llal*llzl* = (lall[l2] cos 6)*
= (llalll|z]| sin6)*.



Problem 2 (15 points). Let A be defined as
A=I1+BB"
where B is a given orthogonal n X m matrix (not necessarily square).

1. Show that A is positive definite.

2. What is the cost (number of flops for large m and n) of solving Ax = b by first
computing A = I + BBT and then applying the standard method for linear equations
Ax = b with positive definite A?

3. Show that A= =1 — (1/2)BB”.

4. Use the expression in part 3 to derive an efficient method for solving Az = b (i.e., a
method that is much more efficient than the method in part 2.) Give the cost of your
method (number of flops for large m and n).

Solution.
1. We verify the definition of positive definite matrix:
o' Ar = 2¥x + 2" BBTx = ||z|* + || BT z||%.
This is clearly positive for all nonzero x.

2. Computing A takes mn? + n flops (mn? for the symmetric matrix product BB and
n for adding the identity matrix). The Cholesky factorization costs (1/3)n®. Forward
and backward substitution cost 2n?. The total is (1/3)n® + mn?.

3. We show that AA™! = TI:
1 1 1
(I +BBT)(I - 5BBT) =1 5BBT + BB" — 5BBTBBT =1
In the last step we use the definition of orthogonal matrix (BT B = I).
4. We can solve Az = b by evaluating = A~'b using the formula in part 3:
Lo 1 T
x = (I—§BB )b:b—§B(B b).

This costs 4mn for the matrix vector products y = BTx and By, and 2n for the scalar
multiplication and addition. The total is 6mn.



Problem 3 (10 points). Let A be a positive definite matrix of size n x n. For what values
of the scalar a are the following matrices positive definite?

A ae A e A ae
(2) [ ael 1 1 (b) l el a ] () l ael a ] '
(e1 = (1,0,...,0) denotes the first unit vector of length n.) Give your answer for each of

the three problems in the form of upper and/or lower bounds (apn < ¢ < Amax, @ > Amin,
or @& < Gmayx). Explain how you can compute the limits i, and ap.x using the Cholesky
factorization A = LLT. (You don’t need to discuss the complexity of the computation.)

Solution. The Cholesky factorizations of the three matrices (if they exist) are

A ae L 0 LT al e,
aef 1 |7 |aefL" \J1—a2elL-TLe, || 0 /1—a2lLTL e,

A el L 0 LT L_lel
el a | el LT \/a—e{L—TL—lel 0 \/a—eirL—TL—lel

A ae L 0 LT alle;
aei a | | aefLT \/a—a2elTL*TLfle1 0 \/a_GZG{LfTL—lel

This gives the following conditions.

1. Positive definite for |a| < 1/\/el L-TL-1e; = 1/||L €]

2. Positive definite for a > el LT L7te; = || L7 ey ||%
3. Positive definite for 0 < a < 1/(el L7TL7te;) = 1/|| L7 ey ||

In each case, we can compute the limits from the norm of the vector L~'e;, which can be
computed by solving Lx = ey via forward substitution.



Problem 4 (15 points). Explain how you can solve the following problems using a single
LU factorization and without computing matrix inverses. The matrix A is a given nonsingu-
lar n x n matrix. For each problem, carefully explain the different steps in your algorithm,
give the cost of each step, and the total cost (number of flops for large n, excluding the LU
factorization itself). If you know several methods, give the most efficient one.

2
1. Compute (A_l + A_T) b, where b is a given n-vector.

2. Solve the equation AX A = B for the unknown X, where B is a given n X n-matrix.

3. Compute i i (A71);;, the sum of all the entries of A~
i=1j=1

Solution.

1. Expanding the product gives
(A7t AT (A T+ AT,
This can be computed as follows.

e Compute # = A~'b by solving PLUx = b (2n? flops).
— Solve Pz; = b (0 flops)
— Solve Lxy = z; by forward substitution (n? flops).
— Solve Uz = x4 by back substitution (n? flops).

Compute y = A~Tb by solving UTLT PTy = b (2n? flops).
— Solve UTy, = b by forward substitution (n? flops)

— Solve LTy, = y; by back substitution (n? flops).
— Solve PTy =y, (0 flops).
e Compute z =z +y (n flops).
e Compute v = A™'z by solving PLUv = z as above (2n? flops).
e Compute w = A~T2 by solving UT LT PTw = z as above (2n? flops).

e The final result is v + w (n flops).
The total is 8n? plus lower order terms.

2. We first solve AY = B, column by column. We then solve ATZ = YT column by
column. The solution Z is the transpos of X.

e Solve PLUY = B, column by column as explained in part 1 (2n? flops).

e Solve UTLTPTZ = YT, column by column as explained in part 1 (2n® flops).



The total is 4n3 flops.

3. We can write this as 27 A7tz where x = (1,1,...,1) is the n-vector with entries equal
to one.

e Compute y = A~'z by solving PLUy = x (2n? flops).
e Compute >, y; (n flops).

The total is 2n? flops.



