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QUESTION 1
t-Domain Analysis
(Do NOT use Laplace Transforms)

(1) The IPOP relation of a SISO system S is:
x(t) — [S] — y(t)

y(t) = /t x(7)dr + /too e' e "x(r)dr, t€ (—o0,00)

— 00

Find the IRF h(t,7) of S, then state all properties of the system (no

proof is required).
Find the USR (Unit Step Response) g(t) of S.

SOLS (i)
yt) = / dT+/OO e e x(r)dr,
= [ W=+ V(= =)ty
ht—71) = Ut—7)+e"U(—-(t—-7)) (byBT)
Mt) = Ut)+e U(-t)
S: L, TI, NC

By definition:

t
/1d7’ = tU(t)
0
et/ e "TU(r)dr = et/ e "ldr=¢€', for t<0
t 0

= et/ e "ldr=1, for t>0
t
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Finally
g(t) = (1+t)U(t) +e* U(-t)

(ii) Compute the OP y(t) of S given that its input x(¢) is

x(t) = U(t —4), te (—o0,00)

SOLS (ii)
Since S is TI we can have

x(t) =U(t —4) — [S] — g(t — 4) == y(t)
Therefore

y(t) = g(t —4) = (1 + [t —4)U(t — 4) + eV U(-[t - 4])

(iii) (A Stand-Alone Problem)
Systems S; and Sy are described by the following diagrams:

Si: dt—0) = [S1:LTI]— (t—0)U(t —0) = hi(t) =tU(t)
and
S;: Ult—7) = [Se: LTI - e “ UMt —7) = gut) =e ' U(1)
Your problem is to compute the OP y() in the diagram below:
U(t) — [S1] = [S2] = y(t) =7

SOLS (iii)
It follows from:

U(t) — [Sa] = [Sa] = y(t) =7
that, by commuting S; and S; — a legitimate move — you get

U(t) — [S2] = [Sa] = y(t) =7
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or:
Ut) = [52) = galt) = [Si] = y(0) = [ (e =)0t = 0) u(o) Ul do
It then follows from what you have done above that
o) = /_Z hi(t — VU (t — o) go(0) Ulo) do
_ /Otm(t — o) golo)do, >0

t
= /(t—a)e"da, t>0
0

y(t) = [-1+t+e Y JU(t)



QUESTION 2
s-Domain Analysis

(This is where Laplace Transforms shine)

(Stand-Alone Problems)

(i) Let S; and Sy be L, TL,C systems with IRF’s h; (t)U(t) and ha(t)U(t),
respectively.
Let S;2 denote the cascaded combination:

Siz: — [S1] — [S2] —
Show that the System Function Hja(s) of Sio is
ng(S) = H1 (S) Hz(S)

where Hy(s) and Hy(s) are System Functions of S; and Sy, respectively.
Compute the USR Gia(s) of S;3 — in terms of the System Functions
Hi(s) and Hy(s).

SOLS (i)
We have in the s-Domain:

1 — [Si] — Hi(s) — [S2] — Ha(s) Hi(s) := Hia(s)

and
— [S1] — Gi(s) — [Sa] — Ha(s) Gi(s) = G12(s)

w | =

But
Gl(S) = Hl(S)é = GIQ(S) = HQ(S)Hl(S)é = ng(S)é (<: [SO So Cute])

or

Gha(s) = Ha(s) Gi(s) = Hi(s) Ga(s) (Double Cute)

(ii) Given:
x(t) — [S] — y(t)
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y(t) = / Ut —7)+ e_(t_T)] x(7)dr, t€ (—00,00)

[e.e]

Find the OP y(t) given that

x(t) = t U(t)

SOLS (ii)
First, you see that

ht—1)=Ult—71)+e Ut —71) = h(t)=U(t) +etU(t)

1 1
= His)= s s+1
and
X(s) =
S
Therefore

Y(S):H(S)X(S)z{lnL1 1 1 1 1 1

s s—+1 9—334_32 s+s+1
2 t2
y(t):[§+t—1+6_t]U(t):[—1+t—|—5+e_t]U(t)

(iii) Consider the following systems:

Sy : d(t—0) = [S;: LTI — (t—0)U(t—o0)

and
Sy Ult—7) — [S3: LTI — e Ut —1)

Your problem is to compute the OP y(t) of the following cascaded system

U(t) — [Sa] = [Sa] = y(t) =7

SOLS (iii)



You have from the above:

Si: 6(t) — [Sy: LTI — tU(t) = h(t) = Hi(s) 28_12
and
Sp:  Ult) — [S3: LTI — e tU(t) = ga(t) = Gals) = Sil
and

U(t) — [Si] = [S2] = y(t) = gu2(t)
Therefore, by your results in Q 2-(i):

Gra(s) = HQ(S)H1(8>§ = H,(s)Ga(s) (<= [So So Cute])

we get

1 1 —1 1 1
—+ =+ —— = yt)=[-1+t+e " U)

G = — el
12(s) s2s+1 S s2 s+1

Alternately: For:

S1: h(t)=tU(t) = Hi(s)= 1

s2

For:
1

So: gpt)=etU®ER) = Gys)= P

Now we know that, by switching S; and Ss:
U(t) —[S1] = [S2] = y(t) < Ut) —[Sz] = [S1] = y(tb)
Therefore
& U(t) — [S2] — g2(t) = [S1] — y(t)

1 1
s2s+1

Y(s) = Hi(s) Ga(s) =
as found before:

y(t)=[-1+t+e *|U(t) (Ha Ha, So Cute!)



QUESTION 3
t-Domain and or s-Domain
(Stand-Alone Problems)

(i) A system S :
x(t) — [S] — y(t)

is described by the differential equation:

Qd?il—(tt)+4y(t) - dfl(:), t>0,
y(0) 0
x(0) 0

(i) Find the IRF h(t) of S.
(ii) Find y(t) given that x(t) = sint U(t).

SOLS (i)
We have
2d‘z—f) +4y(t) = dfl—y) = dZ—it) +2y(t) = % dfliﬂ
H{(s) o) _ S h(t) =) - e )

T X(s) 2(s+2) 2 s+2

s r -1 . s n 1
2(s+2) s2+1  5(s+2) 5H(s2+1) 10(s2+1)

1 1 1
y(t) = [—ge*2t + e cost + 10 sint] U(t)

(ii) Find
t
L / e ' cos(t —7) cosTdr, t>0}
0



and .
L{ / e 7 cos(t —7) cosTdr, t>0}
0

SOLS (ii)
We have

t
L{ / et cos(t —7) cosTdr, t>0}=L{e ()}
0

where .
(@) ::/ cos(t — 7) cosTdr
0
Now s
F(s) = Ls{cost} Li{cost} = [m]Q

s+1 2

,C{/ * cos(t — 7) cosTdr, tZO}:F<S+1):[m

Next

£{/ T cos(t —7) cosTdr} = E{/ cos(t — 7) [e " cos 7] dT}

t
L{ / e 7 cos(t —7) cosTdr} = L{cost} L{e" cost}
0

S s+1
s24+1(s+1)2+1

(iii) Let S be a L,TT,C system described by the IPOP relation:

x(t) — [S] — y(t)

t
y(t) = / e ’x(t—o)do, t>0.
0



Write down the IRF h(t) of S. Then compute its system function H(s) and
its OP y(t) when the IP

x(t) = sinh t U(t)

is applied to S.

SOLS (iii)
We have

H(s) = s—lkl
Y(s) = H(s)[X(s)]
11
= rileot
! ~1
B 2(3—1)+2(3+1)2
~ y(t) = [%et— te | U(t)

THE END OF A SUPER CUTE MT
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