
Total: 28 points
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Midterm Exam Solutions
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Problem 1 (12 points) We first analyze the properties of the basic blocks. We note that:

• The delay system, block (1), is LTI. To see this, let us consider the system y(t) =

x(t − 1). Suppose we have y1(t) = x1(t − 1) and y2(t) = x2(t − 1). If we have

input ax1(t) + bx2(t), then the output is ax1(t − 1) + bx2(t − 1) = ay1(t) + by2(t),

implying the linearity of the system. If we have input x(t − t0), then the output is

x(t− 1− t0) = y(t− t0), implying the time-invariance of the system.

• The multiplication system, block (2), is LTI if a = 0 and is not LTI if a 6= 0. (we

suppose A 6= 0.) To see this, when a = 0, the system becomes y(t) = Ax(t), which is

obviously LTI. When a 6= 0, we have y(t) = Aeatx(t). Then the output corresponding

to the input x(t − t0) is Aeatx(t − t0); however, the shifted output is y(t − t0) =

Aea(t−t0)x(t− t0). So the system is not LTI when a 6= 0.

• The integral system, block (3), is LTI. Suppose we have y1(t) =
∫ t
−∞ x1(τ)dτ and

y2(t) =
∫ t
−∞ x2(τ)dτ . If we have input ax1(t) + bx2(t), then the output is

∫ t
−∞[ax1(τ) +

bx2(τ)]dτ = ay1(t) + by2(t), implying the linearity of the system. If we have input

x(t − t0), then the output is
∫ t
−∞ x(τ − t0)dτ =

∫ t−t0
−∞ x(λ)dλ = y(t − t0) (by setting

λ = τ − t0), implying the time-invariance of the system.

Next, we have the following two properties of the overall system:

• The interconnection of LTI systems is still an LTI system. We consider the cascade

connection and the parallel connection. If we have two LTI systems with impulse

response h1(t) and h2(t), then the impulse response of the parallel connection is h1(t)+

h2(t) and the impulse response of the cascade connection of these two systems is h1(t)?

h2(t) = h2(t) ? h1(t). This means that if we exchange the order of cascade connection

of two LTI systems, then we have the same system.
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• The interconnection of non-LTI systems may be or may not be an LTI system. For

example, the system y(t) = e(t−1)e−tx(t−1) = e−1x(t−1) is an LTI system, which is a

concatenation of a multiplication x(t)et, a delay x(t−1)et−1 and another multiplication

y(t) = x(t− 1)et−1e−t. In this case, we cannot exchange the order of the blocks. If we

exchange the first two blocks, then the system becomes y(t) = x(t−1)ete−t = x(t−1),

which is a different system.

Hence, we have two methods to do this problem.

Method 1 is that you know the system equation of the input and output, then you

connect each operation blocks to get the system.

Method 2 is that you know the LTI system impulse response h(t), then you use the

property that h(t) is the response of the input δ(t), by assuming that the input is δ(t), and

the output is h(t). However, if you use method 2, you need to pay attention that the built

system should be an LTI system if you are using non-LTI blocks. To sum up, two conditions

need to be satisfied: (1) the overall system should be an LTI system; and (2) the output is

h(t) when you have the input δ(t). Then the system can be represented by y(t) = x(t)?h(t).

(a) We build this system using method 1, because we know the system function y(t) =

T{x(t)}. The system is shown in Fig.1 (a). The system is not time invariant, because

if the input is x(t− t0), the output is

2x(t− t0 − 3) +

∫ t−1

−∞
3e2τx(τ − t0) dτ

= 2x(t− t0 − 3) +

∫ t−t0−1

−∞
3e2(v+t0)x(v) dv,

but,

y(t− t0) = 2x(t− t0 − 3) +

∫ t−t0−1

−∞
3e2vx(v) dv.

(b) We use the second method to build this system. We first have

h1(t) = 3δ(t− 2) + 5[u(t)− u(t− 1)]

= 3δ(t− 2) + 5[

∫ t

−∞
δ(τ) dτ −

∫ t−1

−∞
δ(τ) dτ ]

The system then can be shown in Fig.1 (b). Here, because all the blocks we are using

are LTI blocks, the overall system is LTI. Also, the response to the input δ(t) is h1(t).

Then our system impulse response is h1(t). The system is causal, since h1(t) = 0 for

t < 0.
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Figure 1: Systems consisting of basic blocks
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(c) We first calculate the inverse Laplace transform to get h2(t):

H2(s) =
5s+ 7

(s+ 1)(s+ 2)
=

2

s+ 1
+

3

s+ 2
;

h2(t) = L−1{H2(s)} = (2e−t + 3e−2t)u(t).

Here we can use two methods to build the system.

Method 1: we calculate the relationship of the input and output:

y(t) = x(t) ? h2(t) =

∫ ∞
−∞

x(τ)[2e−(t−τ) + 3e−2(t−τ)]u(t− τ) dτ

=

∫ t

−∞
x(τ)[2e−(t−τ) + 3e−2(t−τ)] dτ

= 2e−t
∫ t

−∞
x(τ)eτ dτ + 3e−2t

∫ t

−∞
x(τ)e2τ dτ.

Method 2: we use the impulse response h2(t). Here you need to be careful, because

if you only consider h2(t) = (2e−t + 3e−2t)
∫ t
−∞ δ(τ)dτ , and you get an integral and a

multiplication, then the system becomes y(t) = (2e−t+3e−2t)
∫ t
−∞ x(τ)dτ , which is not

an LTI system. To use this method, you need to write the system impulse response

as h2(t) = (2e−t
∫ t
−∞ δ(τ)eτdτ + 3e−2t

∫ t
−∞ δ(τ)e2τdτ), then the system becomes an LTI

system: y(t) =
∫ t
−∞[2e−(t−τ) + 3e−2(t−τ)]x(τ)dτ .

Two methods achieve the same system diagram, as shown in Fig.1 (c). The system

is stable, because the integral
∫∞
−∞ |h2(t)|dt =

∫∞
0

(2e−t + 3e−2t)dt = 2 + 3/2 = 3.5

converges.

Problem 2 (10 points)

(a) The signal x1 is neither odd or even. The “even part” of x1 can be calculated using

the even decomposition:

xe =
x(t) + x(−t)

2
=
u(t− 1) + u(−t− 1)

2

(b) To simplify the u(f(t)) function, we directly use the definition of the u(t) function:

u(f(t)) =

{
1, f(t) ≥ 0
0, f(t) < 0
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Then we have the following expressions:

u(2t− 3− 2) =

{
1, 2t− 3− 2 ≥ 0

0, 2t− 3− 2 < 0
=

{
1, t ≥ 2.5

0, t < 2.5
= u(t− 2.5)

We have

x1(t) ? x2(2t− 3) = u(t− 1) ? u(2t− 3− 2) = u(t− 1) ? u(t− 2.5)
=
∫∞
−∞ u(τ − 1)u((t− τ)− 2.5)dτ

Then, we simplify the function inside the integral:

u(τ − 1)u((t− τ)− 2.5) =

{
1, τ − 1 ≥ 0 and (t− τ)− 2.5 ≥ 0

0, τ − 1 < 0 or (t− τ)− 2.5 < 0

Case 1: t ≥ 3.5, we have

u(τ − 1)u((t− τ)− 2.5) =

{
1, 1 ≤ τ ≤ t− 2.5

0, otherwise

Case 2: t < 3.5, we have

u(τ − 1)u((t− τ)− 2.5) = 0.

Then, the convolution equals:

x1(t) ? x2(2t− 3) =

{ ∫ t−2.5
1

1dτ = t− 3.5, t− 3.5 ≥ 0

0, t− 3.5 < 0
= (t− 3.5)u(t− 3.5).

(c) Use the same method as (b) to simplify the u(f(t)) function:

u(2t− 1) =

{
1, 2t− 1 ≥ 0

0, 2t− 1 < 0
=

{
1, t ≥ 0.5

0, t < 0.5
= u(t− 0.5)

Let y(t) = x1(2t) ? [x2(−t)et], then we have

y(t) = u(2t−1)?[u(−t−2)et] = u(t−0.5)?[u(−t−2)et] =

∫ ∞
−∞

u(−τ−2)eτu(t−τ−0.5)dτ

Then, we simplify the function inside the integral:

u(−τ − 2)eτu(t− τ − 0.5) =

{
eτ , −τ − 2 ≥ 0 and (t− τ)− 0.5 ≥ 0

0, −τ − 2 < 0 or (t− τ)− 0.5 < 0

=

{
eτ , τ ≤ min{−2, t− 0.5}
0, τ > min{−2, t− 0.5}
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Case 1: t ≥ −1.5, we have

u(−τ − 2)eτu(t− τ − 0.5) =

{
eτ , τ ≤ −2

0, otherwise

Case 2: t < −1.5, we have

u(−τ − 2)eτu(t− τ − 0.5) =

{
eτ , τ ≤ t− 0.5

0, otherwise

Therefore, we have the result:

y(t) =

{ ∫ −2
−∞ e

τdτ = e−2, t ≥ −1.5∫ t−0.5
−∞ eτdτ = et−0.5, t < −1.5

Figure 2 shows the procedure doing the convolution:

Figure 2: Problem 2c

6



Problem 3 (6 points)

(a) The impulse response of the system is denoted as h(t) and the Laplace transform of

h(t) is denoted as H(s).

Since x(t) ? h(t) = y(t) and taking the Laplace transform in both sides, we get

X(s)H(s) = Y (s), and

H(s) =
Y (s)

X(s)

We have:

X(s) = L{x(t)} =
2

s

Y (s) = L {y(t)} = L {(t− 2)u(t− 3)} = L {(t− 3)u(t− 3) + u(t− 3)} =
e−3s

s2
+
e−3s

s

Therefore,

H(s) =
Y (s)

X(s)
=

(1 + 1
s
)e−3s

2

Taking the inverse Laplace transform:

h(t) = L−1
{

1

2
e−3s +

1

2

1

s
e−3s

}
=

1

2
δ(t− 3) +

1

2
u(t− 3)

(b) Since we have the response to x(t) = 2u(t), we have y(t) =
∫∞
−∞ x(t − τ)h(τ)dτ =

2
∫∞
−∞ u(t − τ)h(τ)dτ = 2

∫ t
−∞ h(τ)dτ . Then by taking derivatives on both sides, we

get

y′(t) = 2h(t)

Thus, we have the impulse response:

h(t) =
1

2

d y(t)

dt

=
1

2
[u(t− 3) + tδ(t− 3)− 2δ(t− 3)]

=
1

2
[u(t− 3) + 3δ(t− 3)− 2δ(t− 3)]

=
1

2
[u(t− 3) + δ(t− 3)].
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