Total: 28 points

Signals and Systems

Midterm Exam Solutions
April 30, 2015

Problem 1 (12 points) We first analyze the properties of the basic blocks. We note that:

e The delay system, block (1), is LTI. To see this, let us consider the system y(t) =
xz(t — 1). Suppose we have y;(t) = z1(t — 1) and yo(t) = z2(t — 1). If we have
input az(t) + bxa(t), then the output is axy(t — 1) + bxa(t — 1) = ays(t) + bya(t),
implying the linearity of the system. If we have input x(t — ty), then the output is
x(t—1—tg) = y(t — ty), implying the time-invariance of the system.

e The multiplication system, block (2), is LTT if @ = 0 and is not LTI if a # 0. (we
suppose A # 0.) To see this, when a = 0, the system becomes y(t) = Az(t), which is
obviously LTI. When a # 0, we have y(t) = Ae®z(t). Then the output corresponding
to the input z(t — to) is Ae™x(t — to); however, the shifted output is y(t — tg) =
Ae®t=10)3(t —ty). So the system is not LTI when a # 0.

e The integral system, block (3), is LTI. Suppose we have y,(t) = fjoo z1(7)dT and
yo(t) = ffoo xo(T)d7. If we have input axq(t) + bxo(t), then the output is fjoo[a%(T) +
bro(T)|dT = ay,(t) + bys(t), implying the linearity of the system. If we have input
(t — to), then the output is [*__ (1 — to)dr = ["x(N\)d\ = y(t — ty) (by setting

A =T —ty), implying the time-invariance of the system.
Next, we have the following two properties of the overall system:

e The interconnection of LTI systems is still an LTI system. We consider the cascade
connection and the parallel connection. If we have two LTI systems with impulse
response hy(t) and hy(t), then the impulse response of the parallel connection is hy(t)+
ho(t) and the impulse response of the cascade connection of these two systems is hq (t)*
ha(t) = ho(t) * hi(t). This means that if we exchange the order of cascade connection

of two LTI systems, then we have the same system.



e The interconnection of non-LTI systems may be or may not be an LTI system. For
example, the system y(t) = e Ve~tx(t —1) = e 'a(t — 1) is an LTI system, which is a
concatenation of a multiplication z(t)e!, a delay z(t—1)e!~! and another multiplication
y(t) = x(t — 1)e!~tet. In this case, we cannot exchange the order of the blocks. If we
exchange the first two blocks, then the system becomes y(t) = z(t — 1)ele " = z(t — 1),

which is a different system.

Hence, we have two methods to do this problem.

Method 1 is that you know the system equation of the input and output, then you
connect each operation blocks to get the system.

Method 2 is that you know the LTI system impulse response h(t), then you use the
property that h(t) is the response of the input §(¢), by assuming that the input is 6(¢), and
the output is h(t). However, if you use method 2, you need to pay attention that the built
system should be an LTI system if you are using non-LTT blocks. To sum up, two conditions
need to be satisfied: (1) the overall system should be an LTI system; and (2) the output is
h(t) when you have the input §(¢). Then the system can be represented by y(t) = x(t) x h(t).

(a) We build this system using method 1, because we know the system function y(t) =
T{z(t)}. The system is shown in Fig.1 (a). The system is not time invariant, because

if the input is z(t — t¢), the output is

t—1
2x(t —tg — 3) + / 3e*x (T — to) dr
- t—to—1
=2z(t —tg—3) + / 3¢20+0) 1 (v) du),
but,
t—to—1
y(t —to) = 2x(t —tg — 3) + / 3e?z(v) dv.

(b) We use the second method to build this system. We first have
hy(t) = 30(t —2) + dlu(t) — u(t — 1)]
_3s(t—2) + 5[/t 5(r) dr — /H 5(7) dr]
The system then can be shown in Fig.1 (b). Here, because all the blocks we are using
are LTI blocks, the overall system is LTI. Also, the response to the input 0(t) is hq(t).

Then our system impulse response is hy(t). The system is causal, since hi(t) = 0 for
t<O.
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Figure 1: Systems consisting of basic blocks



(c) We first calculate the inverse Laplace transform to get hao(t):
Ss47 2 8

s+ D(s+2) s+l s+2

ho(t) = L7HHy(s)} = (27" + 3e2)ul(t).

Here we can use two methods to build the system.

Method 1: we calculate the relationship of the input and output:

o0

y(t) = w(t) x ha(t) = / 2(r)2e- ) 43¢0 u(t — r) dr

[ee)

t
:/ 2(7)[2e7 77 4 372 dr

—0o0

t t
= Zet/ z(T)e” dr + 362t/ x(7)e’™ dr.

Method 2: we use the impulse response hsy(t). Here you need to be careful, because
if you only consider hy(t) = (2e7 + 3e72) ffoo §(7)dr, and you get an integral and a
multiplication, then the system becomes y(t) = (2¢7 +3e~%) ffoo x(7)d7, which is not
an LTI system To use this method, you need to write the system impulse response
as ha(t) = (2e* f JeTdr +3e~ f 8(7)e*™dr), then the system becomes an LTI
system. y(t) = ffoo[Qe (t T 4 3e 2]z (1 )dT.

Two methods achieve the same system diagram, as shown in Fig.1 (c). The system
is stable, because the integral [~ |ho(t)|dt = [7(2e" + 3e *)dt = 24 3/2 = 3.5

converges.

Problem 2 (10 points)

(a) The signal x; is neither odd or even. The “even part” of x; can be calculated using

the even decomposition:

w(t) +a(—t)  ult—1)+u(—t—1)
B 2 B 2

(b) To simplify the u(f(¢)) function, we directly use the definition of the u(t) function:

wren={ 5 4628



Then we have the following expressions:

1, 26—3-2> 1, t>2.
’ ) v :{ S T225 i —2s)

“(%_3_2):{0, %—3-2<0 0, <25
We have

acl *x2(2t—3) =u(t—1)xu(2t —3—-2) =u(t — 1) *u(t — 2.5)
= uw(t — Du((t — 1) — 2.5)dr

Then, we simplify the function inside the integral:

1, 7—1>0and (t—7)—25>0

u(T—l)u((t—T)—2.5):{ 0, 7—1<0or (t—T)—2-5<0

Case 1: t > 3.5, we have

1, 1<7<t—25
0, otherwise

w(t — Du((t—7) —2.5) = {

Case 2: t < 3.5, we have

u(t — Du((t —7) —2.5) =0.
Then, the convolution equals:

t—2.5
=1- —35>
z(t) * x2(2t — 3) = { ldr=t—3.5, t—=35>0

= (t — 3.5)u(t — 3.5).
t—35<0 ( Jul )

Use the same method as (b) to simplify the u(f(¢)) function:

1, 26-1>0 (1, t>05
“<2t—1)_{ 0, 2t—1<0 _{ 0, t<os —E=09)
Let y(t) = 21(2t) * [xo(—t)e'], then we have

o0

y(t) = u(2t—1)*[u(—t—2)e'] = u(t—0.5)x[u(—t—2)e'] = /_ u(—7—2)e"u(t—7—0.5)dr

o0

Then, we simplify the function inside the integral:

e, —7—2>0and (t—7)—05>0

o —)eTult — 7 — 0.5) =
u(—1 —2)e"u(t — 7 ) {07 —7—2<0or (t—7)—05<0

[ e, T<min{-2,¢t-0.5}
10, 7>min{-2,t-05}
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Case 1: t > —1.5, we have

T e’, 7< =2
u(—T — 2)6 u(t -7 0'5) = { 0, otherwise

Case 2: t < —1.5, we have

) e, T<t—0.5
u(—7 —2)e"u(t — 7 —0.5) = { 0, otherwise

Therefore, we have the result:

0 f_fo eTdr = e 2, t>—-1.5
ylt) = -
fjoc?f) eTdr =705 t < 1.5

Figure 2 shows the procedure doing the convolution:
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Figure 2: Problem 2c¢



Problem 3 (6 points)

(a) The impulse response of the system is denoted as h(t) and the Laplace transform of
h(t) is denoted as H(s).
Since x(t) x h(t) = y(t) and taking the Laplace transform in both sides, we get
X(s)H(s) =Y(s), and

We have:

X(s) = Lia(t)) = -
V() = L{(®) = L{(t—2ult ~ 3} = L{(t ~ Bu(t ~3) +ult~3)) = " +
Therefore,

Hp - Y1) _ (L D™

Taking the inverse Laplace transform:

1 11 1 1
h(t) = L1 e 4 — 235 ) = —§(t — Zult —
(t) {26 +236 } 25( 3)+2u( 3)
(b) Since we have the response to x(t) = 2u(t), we have y(t) = [*_ x(t — 7)h(r)dr =
2 [* u(t — )h(r)dr = 2 [*_h(r)dr. Then by taking derivatives on both sides, we
get
/(1) = 2h(t

Thus, we have the impulse response:

_ %[u(t—?)) +to(t — 3) — 25(t — 3)]
_ %[u(t—i&) +36(t — 3) — 28(t — 3)]
_ %[u(t—3)+5(t—3)]-



