UCLA DEPARTMENT OF ELECTRICAL ENGINEERING

EE102: SYSTEMS & SIGNALS

Final Examination
Date: March 22, 2018, Duration: 3 hours
INSTRUCTIONS:
e The exam has 6 problems and 16 pages.
e The exam is closed-book.
e Three double-sided cheat sheets of A4 size are allowed.

e Calculator is NOT allowed.

Your name:

Student ID:

Table 1: Score Table

’Problem\a\b\c\d\Score‘
1 3134 10
2 81212 12
3 61444 18
4 6|8 14
5 414144 16
6 4141616 20

Total | | | | | 9 |




Problem 1 (10 pts) State whether the following statements are TRUE or
FALSE. Provide a brief explanation for each part.

(a) (3 pts) A system with the following transfer function is time-variant:

h(t,7) = e 2= cos(6t — 37)u(t — 37) (1)
TRUE, since it cannot be written as function of ¢ — 7 alone

(b) (3 pts) A system with the following input-output relationship is causal:

y(t) = x(t) + /t/2 e_(t_")m(a)da (2)

FALSE, since input at 2t is required to compute output at ¢.

(c) (4 pts) If signal z(t) has period Ty and Fourier series coefficients as

follows
X2 =J7,
X o= —ym,
Xo =1,
X, = 0, for other values of k, (3)

then x(t) is an odd signal.

FALSE, X, # 0, therefore this signal cannot be odd.



Problem 2 (12 pts) Consider an LTI system S with the input signal
w(t) = e Hu(t — 1) (4)

dx(t)
dt

corresponding output signal y(t). We also know that if input is applied

to the system S, corresponding output is —4y(t) + e~ *u(t).

x@— S [ y®

dx(t) S

—— —4y(t) + e 2tu(t
- y(t) ®

(a) (8 pts) Determine the system transfer function H(s) and the impulse
response function h(t).

(b) (2 pts) Sketch pole-zero plot of H(s).
(¢) (2 pts) Determine if the system is BIBO stable or not.

Solution:

(a) We have H(s)X(s) =Y (s) and sX(s)H(s) = [-4Y (s) + —5]. Substi-

s+2
tuting the first equation into the second, we get

1
sX(s)H(s) = |—4X(s)H(s) + ) (5)
1
H(s) = 6
& = X 9612) ©
We have X (s) = Lle Mu(t —1)] = e;(:f. Substitute in the above
equation to get
€s+4
o) = o ")
h(t) = ete 2Dy (t + 1) = e 242y (t + 1) (8)

(b) System has a pole at s = —2.
(c) It is BIBO stable since the pole is on the LHS of the jQ axis.



Problem 3 (18 pts)
Consider the following real signals

xo(t) x1(t)
1

|
.
[N

-

x3(t)

1
M\E/i/l + cos(10mt)) et

-1 1 ¢ -1 1 ¢

Compute the Fourier transform of xq(%).

4 pts) Compute the Fourier transform of zo(t).

) ( (1)
b) (4 pts) Compute the Fourier transform of x,(t).
) ( (t)

) (4 pts) Compute the Fourier transform of x3(¢).

)
)
)
)

Hint: Parts (b), (c), and (d), can be computed using part (a).
Solution

(a) The Fourier transform of xy can be computed as

1
Xo(w)—/ e~ t1+Iw) gy
0
e—t(l-‘:—jw)

1
[ 1+ jw L
1 — 67(1+jw)

14 jw



(b) Since z;(t) = zo(t) + zo(t + 1), we have

Xl(w) = X()(w) + eijo(w)
1+ e —e (1 +e9v)
1+ jw

(c) Since xo(t) = xo(t) + zo(—t), we have

Xa(w) = Xo(w) + Xo(—w)
1—e () ] (=)

14w Tz jw
2 —2e " cos(w) 4 2we™ " sin(w)
N 1+ w?

(d) Since z3(t) = 3xo(t) + 3 cos(107t)zo(t), we have

1 1
Xs3(w) = §X0(w) +7 (Xo(w —107) + Xo(w + 10m))
11— 6—(1+jw) 11— e—(1+j(w—107r)) 11— e—(l+j(w+107r))

> 11jw 1 1+ j(w—107) T T 1o



Problem 4 (16 pts)
Consider a square-wave periodic signal z(t) with the following Fourier Series
representation

A A ((F1)F=-1)
x(t) = DR sin(kt)
k=1
The signal is then passed through a parallel system, with the following

frequency response for each branch.

; ha(©)
e N

x(6) —T— C)—» y(®)
| +
i ha(6) 5
_____________________ i:(t)

H; (w) Hz(w)

| 1| 1

—1.51 1.57 w —4.51 -3.5m 351 457

)
(2 pts) Sketch the frequency response H(w) of the entire system.
(4 pts) Compute the Fourier transform of y(t).

(

4 pts) Compute the exponential Fourier series coefficients Y}, and then
find the power of y(t) using Parseval’s theorem.



Solution:

(a)

Since by = 52 ((—=1)¥ — 1), and b, = Im{X}}, then

A

X, = jﬂ((—l)k —1)

Also, Xy = é. Using the relation between the Fourier series and Fourier
transform, we get

where we have used the fact that wy = 7.

The system’s frequency response is H(w) = H;(w) + Hz(w), which is
shown below

H(w)

—451r —3.5m —1.57 157 357 457

The frequency response will pass the DC component of the input, and
the components with frequencies between —1.57 and 1.57, between
3.5m and 4.5, and between —4.57 and —3.57. Since X (w) is zero at
even multiples of 7, the output will only have a DC term and two terms
at +m. Thus,

Y(w) = And(w) — 2jAd(w — 7) + 25 Ad (w + )

7



(d) From the relation of the Fourier series and the Fourier transform of
periodic signals, we have Y, = %Y(kwg). Thus,

4, k=0
Vi=q —j4, k=1
k — ]ﬂ—> -

4 k=-1

T

Using Parseval’s theorem to compute the power, we get
> Wil = (—) +2 (—)
2 T

k=—oc0
1 2
=A%+ =
(4 * 7r2)

~ 0.45A?



Problem 5 (16 pts) Consider LTT systems S; and S arranged as shown
in the figure below:

x(t) + /_\ y® i/_\ z(t)
+ —
5 v |

The impulse response function for 5 is:
ha(t) = 6(t — 1), (10)
and the input-output relationship for Sy is:

w(t) = d;fﬁ. (11)

The following input is applied to the cascaded system

x(t) = cos (gt) + sin (7t) . (12)

(a) (4 pts) Compute Fourier series coefficients Yy, of y(t).

(b) (4 pts) Plot magnitude and phase spectra of Y. Clearly label axes in
the plot.

(c) (4 pts) Compute Fourier series coefficients Zj, of z(t).

(d) (4 pts) Plot magnitude and phase spectra of Z;. Clearly label axes in
the plot.

Hint: cos(m/4) = sin(mw/4) = \/ié, cos(m/2) =0, sin(7/2) =1,
cos(—3m/4) = \_/—%, sin(—37/4) = \_/—%, Use approzimation 0.5v/2 = 0.7

Solution For z(t) = 0.5¢72% + 0.5e772¢ — 0.5je/™ 4 0.5je 7™ Qo = 7/2.
Therefore, FS coefficients of z(t) are

X =05,X_1=05Xo = —0.5j, X_o = 0.5]. (13)

9



(a) y(t) = z(t) + x(t — 1). Therefore, FS coefficients are
Vi = Xi + Xi(e77H0) = X (1 + e794/2)
Y, =0.5(1—j) =074 —7/4
Y. =05(1+j)=0.74n/4

Y, =0
Y,Q == O
(b) The graph is shown below:
Yl
0.7 0.7
2 1 0 1 2 k
[
T
2 1 o0 |1 2 k
s
1

(c) z(t) =y(t) — di;gt). Therefore,
Zp =Yy — (—K°Q3) Zi

Yy,
= T
(1—k27)
0.7
Z) = —WQZSW/ZL
[(1-7%)]
0.7
J_1= —WA — 37T/4
(=)
ZQ - 0
Z,Q == 0

10



(d) The graph is shown below:

[Z|
07 07
(%) -5
2 1 0 1 2
27,

3

|T
2 |-1 o 1 2

3
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Problem 6 (20 pts)

Consider the time-domain real signal z(t) with a Fourier Transform X (w),
where z(t) is shown below.

x(t)

2

1

(a) (4 pts) Find X (0) and [* X (w)dw.
(b) (4 pts) Compute [ |X (w)[*dw.

(¢) (6 pts) Compute [7° X (w)Y (w)dw, where Y (w) = %(w)ejz‘”.
Hint: For any real signals f(¢) and g(t), we have

/_ " F(g(—t)de

1 o0
= /_ )G

(d) (6 pts) Sketch the inverse Fourier transform of Real{ X (w)}.

Note: You can answer all parts without explicitly evaluating X (w).
Solution

(a) Since X(w) = [~ x(t)e 7*dt, then

=6
Since 2(t) = 5= [*o X (w)e™'dw, then

/ " X (w)dw = 272(0)

oo

=47

12



(b) Using Parseval’s theorem [ _|z(t)[*dt = 5= [ | X (w)|*dw, and thus

| X@Pdo=2x [ o

= 27 (10)
= 207

(c) Let Z(w) = 2%, then the inverse Fourier transform is z(t) = rect(t),
i.e., a rectangular function from —1 to 1. Since Y (w) = Z(w)e?*| then
y(t) = z(t + 2) = rect(t + 2), i.e., a rectangular function from —3 to
—1. In other words, [ z(t)y(—t)dt is the area of the product of the

following two functions

That is, [~

z(t)y(—t)dt = 3. Thus,

/00 X (W)Y (w)dw =27 /OO z(t)y(—t)dt = 6w

o0

Alternatively, we can also show that [~ X (w)Y (w)dw is actually 277(0),
where 7(t) = x(t) * y(t). That is, 7(0) is the convolution of x(t) and
y(t) at t = 0, which can be shown to be r(0) = 3.

13



(d) (6 pts) Since x(t) is real, then the inverse Fourier transform of Real{ X (w)}
is the even part of z(¢), i.e., F'{Real{ X (w)}} = w The sketch
is provided below.

Xe(t)

14



