UCLA DEPARTMENT OF ELECTRICAL AND
COMPUTER ENGINEERING

ECE 102: SYSTEMS & SIGNALS
Midterm Examination II
February 23, 2021
Duration: 1 hr 50 min. (415 min. for Gradescope submission)
INSTRUCTIONS:
e The exam has 5 problems and 17 pages.
e The exam is open-book and open-notes.

e Calculator/MATLAB allowed.

e Show all of your work! No credit given for answers without
math steps shown and/or an explanation.

e NO LATE SUBMISSIONS ALLOWED ON GRADESCOPE.
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Table 1: Score Table
’Problem‘ a ‘b‘c‘ d \eHScore‘

1 10 10
2 101312 15
3 4 (44| 4 |4 20
4 1 13[2|10|4 20
5 6 |4/6] 4|5 25
Total 90




3.4 Inverse Laplace Transform

Table 3.1 One-Sided Laplace Transforms
Function of Time Function of s, ROC

1. 5(t) 1, whole s-plane

2. u(t) % Rels] >0

3. (1) siz, Rels] > 0

4. e "u(t), a>0 S%a, Re[s] > —a

5. cos(Qot)u(t) 524:92' Rels] > 0

6. sin(Qot)u(t) SZ?_—‘;Z%, Rels] > 0

7. e~ cos(Qot)u(t), a> 0 M;riziﬂg, Re[s] > —a

8. e~ " sin(QoHu(t), a > 0 (SMS)Z#Q% Rels] > —a

9. 2Ae ™ cos(Qot+O)u(t), a>0 5+’2f]%0 + si‘aé-ﬂ_'g“’ Re[s] > —a
10. ﬁ N1y SiN N an integer, Re[s] > 0
11, o e u(o) m N an integer, Re[s] > —a
12, ﬁ tN=1e= cos(Qt + O)u(t) (s+j—§s§0)N + (5+AaijEzi)N' Rels] > —a

Table 3.2 Basic Properties of One-Sided Laplace Transforms
Causal functions and constants  af (), Bg(t) aF(s), BG(s)
Linearity af () + Bg(®) aF(s) + BG(s)
Time shifting ft—a) e~ *F(s)
Frequency shifting (1) F(s —a)
Multiplication by ¢ 310) ~ £
Derivative % sFE(s) — f(0—)
Second derivative dfif; ® 2F(s) — sf(0—) — f1(0)
Integral Jo_ fHdt o
Expansion/contraction flat)a #0 ﬁF ()
Initial value f(0+) = lim_, o0 SF(s)
Final value lim— o0 f(t) = limy— 0 SF(s)

Simple Real Poles

If X(s) is a proper rational function

X = YO __NO

= 3.21
D) [Tes—pp) (3-21)




Problem 1 (10 pts)

Solve the following linear differential equation using the Laplace transform.

Show your work and label any properties or identities you use.

dx(t d?x(t
o(t) |, a(t)
dt dt?

u(t) +r(t) =z(t) +3 , 0<t<oo

Note: u(t) is the unit step function and r(t) = tu(t) (i.e. the unit ramp
function).
Hint: You may find it easier to avoid fully combining fractions when finding

X(s).

Solution: First, find the Laplace transform of both sides and reorganize the
terms to isolate X (s) = L{z(¢)}:

C{u(t) +r(t)} = £ {a:(t) #3800 degﬂ }
S g = X(5) 4 3(5X(s) — 2(07) + 25X (s) — s(07) — #/(07))
’ :2 L X(s) 4 35X (s) + 22X (s) - 2
b 2= X(5)(1 435 425%) = X(s)(s + 1)(2s + 1)
X6 = S Te T GIIE T
X(s) = = + 2 = Xi(s) + Xa(s)

8225+ 1) (s+1)(2s+1)

Then, we can use partial fraction decomposition on each of the two rela-
tively simple fractions:



1 A B C

X = -
1(s) s2(2s+1) s * 52 * 25+ 1

A=-2
B=1
C =4
—2 1 2
= Xi(s)=—+ 5+ -
S S s+§

21 (t) = L7{X1(8)} = —2u(t) + r(t) + 2 2"u(t)

X,(6) 2 D, E
S) = =
2 (s+1D(@2s+1) s+1  2s+1
D=-2
E=4
—2 2
— Xy(s) = +—
2(s) s+1 s+%

2o(t) = L7 {Xo(s)} = =2 u(t) + 2e2tu(t)

Thus, the total time domain function for z(t) is:

2(t) = 2y () + 22(t) = —2u(t) + r(t) — 2 u(t) + de 2 u(t)



Problem 2 (15 pts)

A causal LTI system S has the following input-output relationship:

y(t) = /0 e ¥ sin (2(1 — 1)) (%) u(r —1)dr, z(0)=0, 0<t<oo

(a) (10 pts) Find the transfer function H(s) for the system S. Show your

work and label any properties or identities you use.

(b) (3 pts) Plot the pole-zero plot for the transfer function H(s). Label
your plot clearly.

(c) (2 pts) Is the system BIBO stable? Justify your answer.

Solution:

(a) We first notice that the equation can be reorganized as a convolution
to simplify Laplace operations:

y(t) = e (e~ Dsin (2(t — 1)) u(t — 1)) * (dz_(tﬂ)

To find the transfer function, we will take the Laplace transform of the
equation:

L{y(t)} =e L {e*3(t71)sin Qt—-1))ut-1}c {dm(t)}

dt
Y(s)=e?(e*L{e ¥ sin(2t)u(t)}) (sX(s) —z(07))
-3 -5 2
Y(S) =€ (6 m) (SX(S))
Y(S) —(s+3 1
16 = 53 =2 ()



(b) This transfer function has a zero at s = 0 and two complex poles at
s = —3 *+ 27, translating to the following pole-zero plot:

& Im{s}
2
[ ] k k k k P Rels}
4 2 2 4
24

(c) The system is BIBO stable, since the poles are all to the left of the
imaginary axis.



Problem 3 (20 pts)
Suppose Gene was in a lab measuring a real, periodic signal z(t). He created
phase and magnitude spectra plots for the signal, but, as shown below, the

spectra for only k£ > 1 were saved!

A x| A rx,

ST DR L1

-180°9

Note that a separate instrument saved 0.5 as the average value of z(t) and
Ty, = 1 as the period. Also, measurements for k > 3 are assumed to be 0.

(a) (4 pts) Let’s help Gene out. Fill in the missing spectra and label the
values clearly. Justify your answers.

(b) (4 pts) Find the trigonometric Fourier series coefficients, i.e. find coef-
ficients a; and by such that:

z(t) = Xo+2 Z ay cos(kQot) — 2 Z b sin(kQot).
k=1 k=1

Simplify your results and show your work.

(c) (4 pts) Write an expression for x(t). Your expression should not include
any complex exponential terms. Show your work and/or justify your
answer.

(d) (4 pts) Was the signal x(t) even, odd, or neither? Justify your answer.

(e) (4 pts) Find the power of the signal x(t). Show your work.



Solution:

(a) The filled in spectra are shown below. Since z(t) is a real signal, the
magnitude spectra should be even with respect to k while the phase
spectra should be odd with respect to k. One common mistake was
forgetting to fill in the DC component, which should be 0.5 given the
average value measurement.

4 1%, 4 x,

180°4 I I
. : - 4 > k

 ——

£180°1

(b) To find the trigonometric Fourier series coefficients, we will use the fol-
lowing relationship between this formulation of the trig. F'S coefficients
and the complex (exponential) FS coefficients X:

ar = Re{ Xy}
bk = [m{Xk}

From the magnitude and phase plots, we can simply find the complex



FS coefficients using the complex polar representation X, = | X}|e/“Xk:

1. -1
X:—jﬂ-:—
1= 5° 2

1

—1
— a1 = 36{7} = 7

-1
Xy =1" = —1
— ay = Re{l} = —1
1. -1

Xo= —¢l7 = =
3 262 2]

—1
—>a3:Re{7j}:O
-1 -1
bs =Im{—j} = —
— 03 m{zj} 5
szo,k>3
—a,=0,bp=0,k>3

Note that these trig. FS coefficients are ONLY defined for £ > 1.
The conversion to this trig. FS formulation already accounts for the
negative and DC coefficients.

(c¢) To write an expression for x(t) without complex exponentials, we can
simply use the trig. From the period T = 1, we can find the fun-
damental frequency to be €y = 22 = 27. FS representation we just

To
computed:

2(t) = Xo+2 ) apcos(kQot) — 2 by sin(kQpt)
k=1 k=1

1 —1 —1
=3 +2 (7003(1 X 27?25)) + 2 (—1cos(2 x 27t)) — 2 <75m(3 X 27rt))

1
=5~ cos(2mt) — 2cos(4nt) + sin(6mt)



(d) The signal was neither odd nor even, since the signal is a sum of both
(non-shifted) sine (purely odd) and cosine (purely even) functions. Al-
ternatively, we can also observe that a, # 0 and b, # 0 for all k,
meaning that x(¢) cannot be fully even nor odd.

(e) To find the power of the signal, we will use Parseval’s power relation:

Pr= ) |X

k=—0o0
= | X s + [ X o 4 | X1 + [ X + [ X0 + | Xa? + [ X5
= | Xo|* + 2| X1 |* + 2| Xa[* + 2| X[

= (%>2+2 (%)2+2(1)2+2 (%)2
13

4

10



Problem 4 (20 pts)
Suppose we want to build a sine wave generator, but our device is only

able to give 4 total output amplitudes. A capture of the periodic output y(t)
of our generator, with period T, = 6 seconds, is shown below:

t LY

-1 2 4 é

14l

(a) (1 pt) What is the fundamental frequency of the output y(t)?

(b) (3 pts) Our target sine wave y(t) has the same frequency as y(t). Find
the complex (exponential) Fourier series coefficients for y(¢)? Show
your work.

(c) (2 pts) Plot the phase and magnitude spectra of y(t).

(d) (10 pts) Find the complex (exponential) Fourier series coefficients for
y(t). You may solve using the Fourier series definition and/or the
Laplace transform method. Simplify your coefficients so they do NOT
include any complex exponential terms. Show your work.

(e) (4 pts) Plot the phase and magnitude spectra of y(t) for only X7, X, X_;.
How do they compare to the pure sine wave in (c)?

Solution:
(a) The fundamental frequency of y(t) is just based on the period Tj:

T
Oy = == — =
T T T3

11



(b) The target sine wave is thus 7(t) = sin (5t). Then, to find the complex
F'S coefficients, we will simply decompose the sine function using Euler’s
identity:

i) = 5= (3 = F)

Fitting this equation to the definition of the complex FS representation,

we find:
¢ —1 .
5 k=-1
Xe=1q49, k=1
L0 otherwise
.
I, k=-1
=493, k=1
0 otherwise
(c¢) The spectra are shown below:
1 J T
90
[ § ] I
' : : — ' : . —
-2 -1 L 1 2 -2 -1 l 2
R *
L -90° 4
-1

(d) To find the complex FS coefficients for the full y(t) shown, we will use
the Laplace transform of a single period of y(t) and the translation to
the FS coefficients:

1
Xp =L {v1(8)} [s=jre
0

12



) >t
1 2 4 f
1
1
yi(t) = 3 (u(t) +u(t—1) —u(t —2) —2u(t —3) —u(t —4) + u(t — 5) + u(t — 6))
1
E{yl(t)} — Y'l(s) — 2_ (1 4 e S — 6723 . 26735 - 6745 + 6755 4 6765)
S
1 - co T AT =TT AT
X, — 1+6_]3k e —j2%k 26_]3§k—6_]4§k+6_]5§k+ —j635k
* T 6 x2(jzk) ( )

—9 . 2 . .9 . .
_ J (1 —|—6_]§k . e—{k . 26—]71'](5 . ejT"k +e]§k _|_€—j2ﬂ'k>

|
<.

= <1+(eJ3 +e” Js)—(e*js +e’3k>—2(—1)k+1)
== (2 + 2cos <3k> — 2cos (%ﬂk) - 2(—1)k>
(1 + cos (3k> — cos (%%) . (—1)’“)

The DC coefficient Xy = 0, since the average value of this function is
0.

[LElE
%.w%.w

)
3
e

(e) We first find the FS coefficients just at k € {—1,1,0}:

13



X():O

X, = ;7 (1 + cos (%”) — cos (‘TQW) - (—1))

- ;—W (24 0.5 — (—0.5)))
3 .
=
X, = ;—7‘: (1 + cos (g) — cos (2%) — (—1))
_ ;—i (2405 — (~0.5)))
=

Thus, the magnitude and phase spectra are shown below for these co-
efficients. The phase is exactly the same as the pure sine from part (b),
but the magnitude is slightly smaller (0.477 instead of 0.5).

You do not need to write this to get credit, but here is some additional
insight into what we should expect:

We do not expect the magnitudes to be the same, since the sine ap-
proximation will distribute its power over more harmonics than just the
fundamental. Although we do not know if the power of these signals
are the same, it is unlikely the signals are scaled perfectly to match
their fundamental frequency components.

. 41 4 2x,

90°
I 0.477 l
. > K L . " >

-1 1 2 -2 -1 2
-V
-90° 1

14



Problem 5 (25 pts)

Consider a cascade of two systems Sis = 51.95.

x(t) yo 2(1

—> S S2

The first system S is described by:

where z(t) and y(t) are the input and the output, respectively. The second
system is described by:

2(t) = 2y(t) + 10/O y(o)do

where y(t) and z(t) and the input and the output, respectively.
The input signal to the system z(t) is periodic with Ty = 1. Each period of
x(t) is represented by the following equation:

z(t)=e* 0<t<1

(a) (6 pts) Find the complex (exponential) Fourier series of the input signal
x(t). Show your work. Simplify any complex exponentials. Your final
answer should be of the form:

A
B+ ;C
Note A, B, and C' should be entirely real and can be functions of k.

(b) (4 pts) Find the phase and magnitude of X; and X_;. Show your work.
You do not need to simplify any inverse trigonometric functions. Note
that the form in part (a) can be rewritten as:

AB ) AC
F_co) N\ m-e

15



(¢) (6 pts) Find the transfer functions H;(s) and Hs(s) of Sy and S re-
spectively. Show your work.

(d) (4 pts) Find the transfer function His(s) of the cascaded system Siso.
Show your work.

(e) (5 pts) Find the complex (exponential) Fourier series coefficients of the
output Zy.
Solution:

(a) First, we will find the DC coefficient by taking the average value of a
single period:

et el
-
1= e
4
For the other coefficients, we then use the complex FS definition with
the fundamental frequency €2y = % = 27

1
Xk:/ e~ eIt gy
0

1
— / 6—(4+j27rk)tdt
0

_ ; —(4+j2mk)t|1

~ —(4+ j27k) 0
e tei2mk _ 1

T —(4+ jonk)

B 1—e*

4+ 527k



(b) To find the magnitude and phase of these coefficients, we will use the

hint to find an expression for the magnitude and phase using the values
for A, B, and C"

AB , AC
Xy = B2 _ (2 —J B2 _ (2

AB \? AC \?
XM=\p-e) "\ moc

~ () vErC

JrEpes
—AC
/X, =tan™? ( EBZBCZ; )
BZ_C2

= tan~! (ﬁ)
B

Then, using the values found in part (a) (i.e. A=1—e"* B =4, and
C = 2rk), we compute the magnitude and phase for Xj:

1— —4
|X1|:(—e> 12§ (2k)2

42— (2mk)?
(A= Vst
~\ 16— 422 T
9
/X, = tan™* ( 47#“ )

-
=tan ' [ —
w ()

Then, we can easily find the magnitude and phase for X _; using the
properties of 'S coefficients for real signals:

17



| X 1| = [ X4
=
16 — 472
X 1 =—-/X4

= —tan~! <_—7T)
2

(c) For Hy, we notice that this integral is just a convolution for a causal
System:

y(t) = /00 z(o)u(o)u(t — o)do

(o)

= x(t) * u(t)

Thus, the impulse response of H; is just hy(t) = u(t) and the transfer
function is Hi(s) = + with ROC: Re{s} > 0.
For H,, we can convert the IPOP into a convolution integral:

[e.e]

At) = 2 /_ T Y0Vt — o)do + 10 / y(o)ulo)ult — o)do

[e.9] —00

_ / (o) (28(t — o) + 10u(t — ) do

—00

Thus, the impulse response of Hj is ho(t) = 20(t)+10u(t). The transfer
function is then Hy(s) =2+ 12 = @ with ROC: Re{s} > 0.

(d) The transfer function of the cascaded system is:
His(s) = Hy(s)Ha(s)
(1N [2(s+5)
-() (57
2(s+05)
52

18



(e) To find the complex Fourier series coefficients of the output Zj, we will
just evaluate the cascaded transfer function at s = jQpk and multiply
by the input coefficients:

Zk — H12 (]QOk)Xk

- (o) ()

19



