UCLA DEPARTMENT OF ELECTRICAL ENGINEERING

ECE102: SYSTEMS & SIGNALS

Midterm Examination
February 25, 2020
Duration: 1 hr 50 mins.
INSTRUCTIONS:
e The exam has 5 problems and 13 pages.
e The exam are closed-book.
e Two cheat sheets of A4 size is allowed.

e Calculator is NOT allowed.

e Write your discussion session in the top-right corner. ~ 7

Your name:

Student ID:

Table 1: Score Table

’Problem‘a‘b‘c‘d‘eHScore

1 10 | 10 20
2 515 110 20
3 51101 5 20
4 15 15
5 5 110 |10 25
Total 100




Problem 1 (20 pts)

Find the Laplace transforms and ROC of the following signals
(a) (10 pts) z1(t) = (t — 2)e 30 cos(4t — 8)u(t — 2)
(b) (10 pts) xo(t) = fg sin®(t — 7) cos?(7)dr

Solution:

(a)

s+3

L{e * cos(4t)u(t)} = ORI

R{s} > -3

1(s? 4+ 65+ 25) — (2s + 6)(s + 3)
(2 + 6s + 25)?

s+ 6s—T

(s2 + 65+ 25)?

L{te * cos(4t)u(t)} = —

e (s* +6s—7)
(s2 +6s+25)2 7

L {(t — 2)6_3(t—2) cos(4(t — 2))u(t — 2)} —

(b)

R{s} > -3

/Ot sin?(t — 7) cos?(7)dr
= /_00 sin?(t — 7)u(t — 7) cos?(T)u(r)dr

o0

1 - 2(t — 1 2
_ COS(Q(t 7)) +C;S( T)dT

:1 - c;s(Qt)u(t) § 1+ c;s(Qt)u(t)

£{1 —c;)s(zt)u(t)} _ %




c { /0 Csin(t — 1) cos2(7)d7}

Ll s g 1d s

C2's  §24227 7 2's  s24 92
252 +4

= — R >0

s2(s2 +4)%’ {s}

Problem 2 (20 pts)

The input-output relationship for an LTI system is given by the following
differential equation
dy(t)

dy(t) da(t)
e T 19— 20y (1) = 22—

with initial conditions y/(0) = y(0) = 0,z(0) = 0.

3

—z(t),t >0

(a) (5 pts) Find the transfer function H(s), and determine whether the
system is BIBO stable or not.

(b) (5 pts) Find impulse response function h(t).

(¢) (10 pts) Find the output y(¢) if the input is z(¢) = e2=3u(t — 3).
Solution:

(a) Take LT of both sides to get

35%Y (s) + 19Y (s) 4+ 20Y (s) = 25X (s) — X (s),
Y(s) 2s —1 B 2s —1
X(s) 3s24195+20 (3s+4)(s+5)
The poles are s = —4/3, —5, so the system is BIBO stable.

(b)

H(s) =

2s —1

T 382+ 195 + 20
1 1

= 351+4  s+5

H(s)

Take inverse LT to get

h(t) = %e‘gu(t) + e Pu(t)



(c) Let 21 (t) = ez'u(t) then X;(s) = 5—11/2' Since x(t) = z1(t — 3), we have
using time shift property of LT

2e73%
X(s) =
()= 553
28 — 1 26738 26735
Y(s) = H(s)X(s) = 7 —
352 +1954+202s — 1 352+ 195+ 20
_ B L )
Lty (t) = L7t = L1235 — L) = Zemitu(t)—Ze u(t).

Then, using the time-shift property again we get

2
— eyt — 3)

2 _a
_ _ oy —At=3), 4 oy
y(t) = alt = 3) = e Dufr —3) - =

Problem 3 (20 pts)

Consider the following periodic signal z(t). For —1 < t < 1, the mathe-

matical expression of x(t) is

—t, —1<t<0
x(t):{ t, 0<t<l1

(a) (5 pts) Find the Fourier series coefficients Xj.

(b) (10 pts) Show that if the Fourier series coefficients of a periodic signal

a(t) are Ay and b(t) = d‘;it), then the Fourier series coefficients of b(t),
By, are
2
By = jkw x Ap, w:%

(c) (5 pts) Use the property in (b) to find the Fourier series coefficients of
the periodic signal y(t), where the period of y(t) is 2. For —1 <t < 1,
the mathematical expression of y(t) is

142
—=t*, —1<t<0

_ 2 ?
y(?) { 2, 0<t<1

4
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Solution:
T=2,w= 2?” =7
a)
The signal can be expressed in another way. Consider time interval 0 <
t < 2. In this interval, we define x;(¢) to be

r(t)=r(t)—2rt—-1)+r(t—-2), 0<t<2

Then X, = %fOTx(t)e_jk“tdt = %fOQ zq(t)e Mt dt = 1 X, (s = jhw)
By using the Laplace transform table, X;(s) = (1 —2e™* + e %). So,

1
X = 57

2(—1)k — 2
- 2k2q2
(11
~ e 7Y
Xo Here that e %™ = 1 and e 7% = (—1)* is used. For k = 0, Xy =
T
7 Jo #(t)dt =3
b)

Let a(t) = Y. Age?™*. Since b(t) = d‘;(tt), we have

1 —2e 9k 4 e’m”)




b(t) = dt
Z dejkwt
= Z jkwAkejk‘”t

The last equation is the Fourier series expansion for b(t). So By = jkw x Ay.

c)
Here, we can find that z(t) = dZ—Ef). By using the property we showed in
(b) we have

X = jhwYy,
X

(—1) 1

=Y =
F jk373

k£0

For k=0,Y, =
Problem 4 (15

rf- ’ﬂl’—‘

f t)dt = 0 since y(t) is an odd function.
pts)

The following information is given for a real periodic signal z(¢) with pe-
riod Ty = 27, where X}, is its Fourier series coefficients.

e 1(t) is a even function

Xi =0for |[k| >3
[T x(t)dt =0

The value of the signal at time instant ¢t = 0 is 2, i.e., (0) = 2

e The power of x(t) is —fo |z(t)|?dt = 2

Find its Fourier series coefficients X} and determine the time domain signal

x(t).



Solution:

The fundamental frequency is 0y = %—’J = 1. Due to the fact X} =0, |k| >
3, we can determine xz(t) by

z(t) = Xo+ X1/ + X _1e77" + Xpel? + X g7

For the DC component, we use

1 ™

:% B

Since the signal is real and even, we have X; = X_; = X*,. So all
the Fourier series coefficients are real and X; = X_1, X = X_5. Let X; =
X_ 1 =aand Xy = X_5 =b. Using 2(0) = 2, we have

z(0)=04+a+a+b+b=2a+2b=2
=a+b=1

Due to the power is 2, the Parseval’s relation gives

Z | X5|2 =[] + |af® + |a]* + |b|* = 2|a|* + 2|b|* = 2a® + 20> = 2
k=—o00

=a+b=1

Substituting b = 1 —a into a®+b* = 1, we get (a,b) = (0,1) or (a,b) = (1,0).
Since the fundamental period period for x(t) is Ty = 2w, we should choose
(a,b) = (1,0) and x(t) = &' + 77" = 2 cos(t)

Problem 5 (25 pts)

Consider a cascade of two systems Si1o = 51.95.

(a) (5 pts) Find the transfer function H;(s) of system S;. Express H;(s) in
terms of F(s) and Fy(s), where F(s), Fy(s) are the Laplace transforms

of f1(t) and fy(t).
Hint: e(t) = x(t) — r(t)
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(b) (10 pts) Find the transfer function Hys(s) of the cascaded system Sjs,
where

fi(t) = t2e M u(t)
fo(t) =u(t —1) —u(t —2)
ho(t) = e cos? (3t)u(t)

(c) (10 pts) Let z(t) be the steady-state response due to the periodic input
signal
x(t) = 1+ 2sin(t) + 3 cos(2t)

Find exponential Fourier series coefficients of z(t), Zj.
Solution:
(a) We have E(s) = X(s) — R(s) and Y (s) = Fi(s)E(s) = Fi(s)(X(s) —
R(s)) = Fi(s)(X(s) — Fa(s)Y (s)). Therefore

Y(s)
i) Ris)
X(s) 14+ Fi(s)Fy(s)

Fi()[X(s) = Fi(s) Fa(s)Y (s)]
)

Hl(S =



(b) The transfer function His(s) = Hi(s)Hs(s)

ha(t) = e cos?(3t)u(t)
91+ cos(6t)

= Ty )
1] 1 s+2
Ha(s) = -
) =3 i e @
2
Al =
1

Fy(s) = (e — )

»

2 17 1 s+2
Gras X 3 [s+_2 + 32+Is+40]
H, (S) = 1 2
* g <

e—S_e—2s

S

(¢) wo=2m/2m = 1.

First, find Xj. x(t) can be written as follows using Euler’s identity

2 . -2 3 3 .
w(t) =1+ et 4 Ze It 4 Ze?t 4 —emi%

2] 2j 2 2
Comparing with z(t) = Y2 Xe/* we get the following coeffi-
cients:
Xy = 1:
—1 1
Xa=—, Xi=-
J J
3 3
X o== Xo=—
2 27 2 2

Using Zy = H(jkwo) Xk, we get Zr, = H(jk

=

k=0,+1,+2



