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INSTRUCTIONS:
e The exam has 6 problems and 23 pages.
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e Show all of your work! No credit given for answers without
math steps shown and/or an explanation.
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Your name:

Student ID:

Table 1: Score Table
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1 41112 8 4 19
2 21318 13
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3.4 Inverse Laplace Transform

Table 3.1 One-Sided Laplace Transforms
Function of Time Function of s, ROC

1. 5(t) 1, whole s-plane

2. u(t) % Rels] >0

3. (1) siz, Rels] > 0

4. e "u(t), a>0 S%a, Re[s] > —a

5. cos(Qot)u(t) 524:92' Rels] > 0

6. sin(Qot)u(t) SZ?_—‘;Z%, Rels] > 0

7. e~ cos(Qot)u(t), a> 0 M;riziﬂg, Re[s] > —a

8. e~ " sin(QoHu(t), a > 0 (SMS)Z#Q% Rels] > —a

9. 2Ae ™ cos(Qot+O)u(t), a>0 5+’2f]%0 + si‘aé-ﬂ_'g“’ Re[s] > —a
10. ﬁ N1y SiN N an integer, Re[s] > 0
11, o e u(o) m N an integer, Re[s] > —a
12, ﬁ tN=1e= cos(Qt + O)u(t) (s+j—§s§0)N + (5+AaijEzi)N' Rels] > —a

Table 3.2 Basic Properties of One-Sided Laplace Transforms
Causal functions and constants  af (), Bg(t) aF(s), BG(s)
Linearity af () + Bg(®) aF(s) + BG(s)
Time shifting ft—a) e~ *F(s)
Frequency shifting (1) F(s —a)
Multiplication by ¢ 310) ~ £
Derivative % sFE(s) — f(0—)
Second derivative dfif; ® 2F(s) — sf(0—) — f1(0)
Integral Jo_ fHdt o
Expansion/contraction flat)a #0 ﬁF ()
Initial value f(0+) = lim_, o0 SF(s)
Final value lim— o0 f(t) = limy— 0 SF(s)

Simple Real Poles

If X(s) is a proper rational function

X = YO __NO

= 3.21
D) [Tes—pp) (3-21)




Table 5.1 Basic Properties of the Fourier Transform

Signals and constants

Linearity ax(t) + By(0) aX(Q) + BY(Q)
Expansion/contraction in time  x(«at), « # 0 |;—|X (%)

Reflection x(—t) X(—)

Parseval’'s energy relation Ex = [ 1x(0)]?dt Ey = 5[5 1X(Q)2dQ
Duality X(¢) 27 x(—Q)

Time differentiation 50 n > 1, integer  (jR)"X(Q)

Frequency differentiation —jtx(t) d%

Integration [t x@)Hdt ’% + 7X(0)5(RQ)

Time shifting x(t — o) e X(Q)

Frequency shifting RLENG) X(Q — Qo)

Modulation x(1) cos(2t) 0.5[X(2 — Q) + X(2 + Q)]
Periodic signals x() = Y, Xyt X(Q) = ), 27 X, 8(Q2 — k)

Symmetry

Convolution in time

Windowing/multiplication

Cosine transform
Sine transform

Time Domain

x(t) real

2(t) = [x* ] ()
x(0)y ()

x(t) even

x(t) odd

x(t), y(0), 2(t), o, B

Frequency Domain

X(£2),Y(2), Z(2)

IX()]| = 1X(—9)|
ZX(Q) = —LX(—Q)
Z(Q2) = X(Q)Y(Q)
=X *Y]()

X(Q) = [, x(t) cos(Q)dt, real
X(Q) = —j [, x(1) sin(Q0)dt, imaginary

o N OO O~ W N =

11
12
13
14

Function of Time

8(1)

S(t—1)

u(t)

u(=t)

sgn(t) = 2[u(t) — 0.5]
A —o00<t< o
Ae~u(t), a >0
Ate=™u(t), a > 0

el 40

cos(Rt), —cO0o <t <0
sin(Rot), —co <t <

Alu(t+17) —ut—1)], 7>0
sin(Qpt)
Tt

x(t) cos(Rpt)

Table 5.2 Fourier Transform Pairs

Function of Q
1

e—jSZr
T
EREL )
2

iQ

27 AS(S2)

A
jQ+a

_A
(jQ+a)?
2a

a24+Q?

7[8(2 — Qo) + 8(Q + Q0)]

—jr[8(2 — Qo) — 8(2 + Q0)]
in(Q27)

2AT Sll’lQTr

u(2 + Qo) — u(2 — Qo)

0.5[X(2 — Q0) + X(2 + Q)]




Problem 1 (19 pts)

Consider a cascade of two systems Sis = 51.95.

x(®) yo 2(

—> S1 S2

The first system S; is causal and described by:
y(t) = Tz(t) + x(t — 2)
where z(t) and y(t) are the input and the output, respectively.
The second system is LTI and described by the following impulse response:

ho(t) = 2(t — 1)3%eMu(t — 1)

(a) (4 pts) Prove S; is LTI (i.e. both linear and time-invariant).
(b) (1 pts) Is Sy causal? Justify your answer.

(c) (2 pts) From the IPOP given, find the impulse response functions hy (t)
for S;. Show your work.

(d) (8 pts) Find the transfer functions Hi(s) and Hy(s) of S; and Sy re-
spectively. Include the ROC of each transfer function. Show your work.

(e) (4 pts) Find the transfer function His(s) of the cascaded system Sis.
Include the ROC. Show your work.









Problem 2 (13 pts)

A causal LTI system S has the following pole-zero plot for its transfer func-
tion H(s):

Im{s}

Multiplicity 2

Note that a pole with "multiplicity 2” means that there are two instances of
that same pole.

(a) (2 pts) Is the system BIBO stable? Justify your answer.

(b) (3 pts) Find the transfer function H(s). Note that H(0) = 2. Show
your work and label any properties or identities you use.

(c) (8 pts) Find the impulse response function of S, h(t). Show your work
and label any properties or identities you use.









Problem 3 (10 pts)

The trigonometric Fourier series coefficients for a periodic signal x(t) are
given on plots below. Note that z(¢) has a period T, = 1 and a DC compo-
nent Xg = 2.

Note: Remember that the trigonometric Fourier series coefficients a; and by
represent the signal using the following equation:

2(t) = Xo+2 ) apcos(kQot) — 2 _ by sin(kQot).
k=1 k=1

(a) (4 pts) What are the complex Fourier series coefficients for (¢)? Show
your work /justify your answers.

(b) (1 pt) Is x(t) even, odd, or neither? Justify your answer.

(c) (2 pts) Plot the magnitude and phase spectra of z(t). Clearly label
your plot.

(d) (3 pts) What was the power and energy of the signal z(¢)? Show
your work /justify your answer.
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Problem 4 (21 pts)

Joe is stuck on an island and has an emergency beacon that transmits a
high frequency sine wave pulse x(t).

(a)

sin(2m - 1000t), 0<t<Im
x(t) = :
0 otherwise

(5 pt) First assume that the pulse is only transmitted once. Find the
Laplace transform of z(t) and specify its ROC. Show your work and
label any properties or identities you use.

You can use wy = 27 - 1000 to reduce your writing if you wish.

(6 pts) Find the Fourier transform of z(¢). Show your work and label
any properties or identities you use.

(5 pts) Now assume that the beacon repeatedly transmits once every 5
seconds. Joe has been stuck on the island literally forever, so this new
transmission x,(¢) is truly periodic. Find the Fourier series of x,(t).
Show your work and label any properties or identities you use.

Do not simplify complex exponentials, but do not leave any integrals

in your solution.

(5 pts) Can we find the Fourier transform of z,(t)? If we can, find
the Fourier transform. Show your work and label any properties or
identities you use. If we cannot, explain why.
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Problem 5 (20 pts)

The IPOP for a system S with input z(¢) and output y(t) is written be-
low:

y(t) = /t 2(7) G (t— 7 +2) —u(t — 7 — 2)]) ir

The following signal is applied as input z(t) to system S:

sin(2mt)
mt

x(t) =

(a) (9 pts) Find the Fourier transform Y (w) of the output y(t). Show
your work and label any properties or identities you use.

(b) (5 pts) Sketch the magnitude and phase spectrum of Y (w).

(c) (3 pts) We now sample the output y(t) at ws = 6m. Sketch the mag-
nitude spectrum of the sampled signal for 10m < w < 107. Label your
axes.

(d) (3 pts) What is the minimum sampling rate w for y(¢) to avoid aliasing?
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Problem 6 (17 pts)
Gene is back! This time he wants to filter the signal he is measuring to
only have frequency components at w = 4 Hz.

The magnitude spectra of his input periodic signal (with fundamental

frequency Qy = 2 Hz) is shown below. Remember that the horizontal axis
with respect to integer values k, not w in Hz.

| X5

il

Vs

-1

Gene built a filter with the following frequency response (w axis in units
of Hz):

4 Hw)|

(a) (6 pts) If Gene uses the filter he built, plot the magnitude spectrum of
the output. Label your plot clearly. Does this filter accomplish his goal
of only having frequency components at 4 Hz? Explain your answer.

(b) (6 pts) Gene also found 4 more filters in his lab. They are:

20



1) Ideal Low-Pass filter, cutoff at 1.5 Hz.
2) Ideal Low-Pass filter, cutoff at 2.5 Hz.
3) Ideal High-Pass filter, cutoff at 1.5 Hz.
4) Ideal High-Pass filter, cutoff at 2.5 Hz.
Which two filters can he use to make the filter he needs? Should they

be connected in cascade or in parallel? Explain your reasoning and plot
the frequency response of your combined filter.

(c) (5 pts) Find the energy of the impulse response for the original filter
Gene built, i.e. find the energy of h(t) = F '{H(w)}.

(d) (2 EC pts) Challenge question: Find the impulse response of the orig-
inal filter Gene built, h(t). Show your work and specify any properties
or identities you use. Assume the phase of H(w) is 0 for all w.
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