1. Decidability /Recognizability (60 points)

Height
For a Turing machine M, let height( M) denote the length of the shortest string accepted by M (or o if
M does not accept any string). Consider the following language

Lacigne = {(M) | height(M) < [(M)]},
that is the language of Turing machines that accept a string that is shorter than their own description.

a) (15 points) Show that Lugee ks undecidable.

b) (15 points) Show that Ly, is recognizable.
For all parts, remember to first write your intuition before writing your formal solution,

Trump Machine

A Turing machine M over alphabet ¥ w {0, 1,8) and tape alphabet I' w {U,0, 1,8, 2} is a Trump machine
if for all x € X* such that x contains at least 5.7 billion $ symbols, during the execution of A on input
x, M erases all § symbols from its tape (replaces them with blanks), writes a single wall symbol 2, and
then shuts down (either accepts or rejects),

Let
Ltremp = {(M) | M is a Trump machine}.

c) (15 points) Show that Ly, is undecidable.

d) (15 points) Show that Ly, is unrecognizable.

2. Inconclusive Decider (40 points)
An Inconclusive Decider is like a decider except that on some set of inputs, instead of accepting or reject-
ing, it may instead halt and output “INCONCLUSIVE".

Formally, we say that a language L is EInconclusive-Decidable for some k& € NU {a0} if there exists
a Turing machine M such that

e For all x such that x € L, M cither halts and outputs "ACCEPT” or halts and outputs
“INCONCLUSIVE",

e For all x such that x ¢ L, M either halts and outputs “REJECT" or halts and outputs
“INCONCLUSIVE".

e M halts and outputs “INCONCLUSIVE”™ on at most & distinet inputs r,
(Note that L is decidable if and only if it is O-Inconclusive-Decidable)

a) (5 points) Show that all langunges are so-Inconclusive-Decidable.
b) (20 points) Show that Lygy, = {(M) | M(z) halts} is not 1-Inconclusive-Decidable.

¢) (15 points) Show that Ly, = {{M) | M(c) halts} is not 2-Inconclusive-Decidable.
For all parts, remember to first write your intuition before writing your formal solution,



3. Perpetual Machines (70 points)
An perpetual machine P is like a Turing machine, except that it pever halts on any input. Instead of
containing accept and reject states, Goooge A Greject, it contains a non-halting accepting state ¢*. When
P enters ¢°, instead of terminating its computation, it continues executing and can transition out of this
state.

A perpetual machine P computes a language L if

e Forall z € L, P(x) enters ¢* an infinite number of times
e For all x ¢ L, P(x) does not enter ¢* an infinite number of times

If there does not exist any perpetual machine P that computes & language L, we say that L is uncom-
putable by perpetual machines.

a) (25 points) Show that the language
Lisop = {{M) | M is a Turing machine and M(c) loops}
is computable by perpetual machines,

b) (20 points) Construct a language L € X that is uncomputable by perpetual machines and prove
that this is the case. (Hint: Use diagonalization)

c) (25 points) Show that the language
Lemgey = {{M) | M is & Turing machine and L(M) = 0}
is computable by perpetual machines.
d) (Extra Credit, 40 points) Show that the language
Leq = {((My), (M2)) | My and M; are Turing machines and L(M;) = L(M2))
is computable by perpetual machines,
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Tum 1 Use rule
(A, 2,3,1,2,3),(A,2,3,2,1,3)

Tum 2 Add a new deck

Tura 3. Use rule
(2.1,3,1,2,3),3,2,1,3,.2.1)

Tum 4: Use rule
(A, 2,3,3,2,1).G,2, 1,3, 2, A)

Win! (3 15 in the leftmost spot)
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New Deck
2 3
2 1
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