Mid-term. May 4, 2015

CS180: Algorithms and Complexity
Spring 2015

Guidelines:

The exam is closed book and closed notes. Do not open the exam until instructed to do so.
You will have to stop writing at 5:50 PM.

Write your solutions clearly and when asked to do so, provide complete proofs. You may use
results we proved in class without proofs as long as you state what you are using. You may
also use any algorithms we covered in class as sub-routines without giving full descriptions
(or rewriting the whole algorithm again).

Most importantly, make sure you adhere to the policies for academic honesty set out on the

course woebpage, The policies will be enforced strictly.
Problem | Points | Maximum
1 %. 5 5
2 /U 10
3 |o 15
4 > 25
® 5 &_5 25
6 [ ¥ 10
7 27 30
Total 120
Name:
UID:
Section:



2.5
1 Problem

For each pair (f, g) below indicate the relation between them in terms of O, 2, ©. For each missing
entry, write-down Y (for YES) or N (for NO) to indicate whether the relation holds (no need to
justify your answers here). For example, if f = O(g) but not £(g), then you should enter Y in the
first box and N in the other two boxes. Similarly, if f = ©(g), then you should enter Y in all the
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2 Problem / O

Answer true or false for the following (no need for_explanations) (1 point-

matching where a doctor Dy's first choice is Hy and Hy's
should be matched to 57

e Consider an instance of the stable
firat cholee is [3;. Is it tvue that in every stable matching D
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o Consider an instance of the stable matching problem and a candidate perfect matching M
where one doctor gets her top choice and one hospital gets its top choice, while every other

deetor and hospital get their sceond chowce, Is M necessarily a stable matching?
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Given a connected undirected graph G = {V, £} as mput {in adjacency list wkuesentatmn} give
an ulgorithm 1o check if G is & tree. You must analyze the timeé-complexity of your algorinhm but

don’t need to prove correctness. For [ull credit, vour algorithm should be correct and run in time
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4 Problem

Given the coefficients of a polynomial P of degree d and an integer k as input, give an algorithm
to compute the coeficients of the polynomial P(z)¥. For example, if your input is (1,1) (to denote
the polynomial 1 + z) and & = 3, your output should be (1,3,3,1) to denote the polynomial
(14 z)3 =1+ 3z + 32% + z3. Similarly, if the input is (1, —3) (to denote P = 1 — 3z), k = 3, your
output should be (1, 9,27, —27).

To get full credit, your algorithm should be correct, run in time O((k - d)log(k - d)) and you
must analyze the time-complexity of your algorithm (no need to prove correctness). 20 ponts:

Remark: Here we measure time-complexity as in the fast-polynomial multiplication algorithm,
where we count complex additions and multiplications as unit-cost.
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5 Problem

LUy, We gay that & is an ordered graph if it

Let G — (V. E) be a directed graph with nodes vy, ..
has the following properties,

le ? 1. Each edge goes from a node with a lower index to a node with a higher index, That is, every
directed edge has the form (g, 1) with i < 4.

Rm‘{ 2. Each node except vy, has at least one edge Ieaving_i_t:. That is, for every nodev;, 2= 1,2, ..., n—
1, there is at least one edge of the form (i, v,;).

{(ziven an ordered graph & = (V) £) {in adiacency list representation), give an algorithm to compute

the number of paths that begin av v and gpd gt vy,
Yo must analvee the time-complexity of your algorithin (no need to prove correctness). To get

full-redit your algorithm must be correct and run in time O V| + [E]). W05 poinds
Remark: You can assume that adding two numbers takes constant time in your tine-comnplexdty

caleulations.
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Devide whether the following statement is trus or false. If il ts true, give & shorl explanation [no
need for a formal proof - a high-level description s enonghl. IF it is false, ghve 8 connler-example,

Suppose we are given an instance of the Minimum Spanning Tree Protlem on a graph &, with
edpe costs that are ull positive and thtmnt et T hea mmnnum spanning tree for this instance,
Mow suppose we replace Pa?‘hﬁg_euht . by its square, ¢, thereby creating a new instance of the

problem with the same graph but different costs.
True or false? T must still be a minimum spanning tree for this new instance. Hl poins!
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Given an undirected graph & = [V, £}, a subscet of vertices 7 Z V iz an independent set in G %~ o o

no two vertices in T are adjacent to each other. Let (G} = max{\J|: I an independent set in G}. "
The goal of the following questions is to give an efficient algorithm for computing an independent
get of maximum size in 4 tree. Becall that & leaf in s graph = a vertex of degres at most 1 and

that cvery acvclic graph (graph without any cycles) has at least one leaf, |1 [
Let T = (V, E) be an acyclic graph on n vertices. % X '
2 :
1. Prove that if u 18 a leaf in T, then there i 4 maximume-size independent set in T which A
contains w. That i, for every leaf v, there is ap independent set J such that v £ T and 4 f#m{:-'"
I| = a{T}. {15 points| -Ik '
. 2 Giwe the graph T as input (in adjacency edge representation}, give an algorithm to compute
i i ; i : ; . LA |
A /an jrdependent-set of maximum size, (T, in T, To pet full credit your algorithm should | foLt
Al “Fun in time |V« E|) {or better) and you must-preve.correctness of your algorithm. You -
- W o i

don’t need to analyze the time-complexity of vour algorithm and it &= sufficient to solve this
problem assuming part {1) (if you want) even if you don't solve it. |7 poinrs!
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