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Print your name, UID and section number in the boxes above, and print your name at the top of every
page.

Your Exams need to be uploaded in Gradescope. Use Dark pen or pencil. Handwriting should be
clear and legible.

There are 5 problems.

Do not write code using C or some programming language. Use English or clear and simple pseudo-code.
Explain the idea of your algorithm and why it works.

Your answers are supposed to be in a simple and understandable manner. Sloppy answers are expected to
receive fewer points. '

Don’t spend too much time on any single problem. If you get stuck, move on to something else and come
back later.
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1. For each of the following problems answer True or False and briefly justify you answer.

(a) (Spt) For a connected and undirected graph G, if removing edge e disconnects the graph, then e is a
tree edge in DFS of G.

(b) (5pt) For a DAG G, if there is only one node with no incoming edge, then there exists only one topo-
logical ordering.

(c) (5pt) For the stable matching problem, if there is a man m; and woman w, such that w, has the lowest
ranking in my’s preference list and m, has the lowest ranking in w,’s preference list, then any stable
matching will not contain the pair (m;, wq).

(d) (5pv) If we run DFS on a DAG and node u is the first leaf node in the DFS tree, then u has no outgoing
edge. the OFS trec

\a) Sugpose, )oy contreliction | that ¢ s not an edoe of A . Then, rémovifl? it
odloes not= ofjs connect (1 because the podes are still connected by the OFS tree.

e € MUt be o tree edpe .

15) /;' The gaagh 7o a DAl and s s only nede with no Incoming
/ \ tdoe  but thére is more than one ofb/e/-fqé because
S \A /r' cither R oc B can come befre the other due to
@

2 6ymmcrr\/,

|c) Pesple | Prefectace (high to low ) Ia this wmse m Lw, end wup together
m, Wi , W, T m, poposes to W, betoce M, ,thea
My We 5 W, 0{1(,{ Mo propdses to w, W, will choose
W, M. , M, m,. If m, \b{opvrc; firgt  Hhea W, will
W‘L m. N mg Yloi' olﬁ&n?t T m' ’

(d) Suppose thak DFS was (YN 00 pode S and i+ eventually reached u_
Suppose | by sontradiction, that w  has an outgojng edge to V-

s V an be cither visited alteady or aor It pot then
'\\ u s obvioutsly not  the Jeaf /IOo(t.Ecawse w s MmitE the
( X - end of the path that (ontains $ Au. IE v s visited,
w e then thee mbegt be 4 path o that costmias s £ v, and

\J*,’\ e node that finlshes o (node £) Is the first jeal pocle.

v "x e U must have o oufsoidj eo(?cs, True
&
[ 4
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| 2. (10pt) Take the following list of functions and arrange them in ascending order of growth rate. That is, if
function g(n) immediately follows function f (n) in your list, then it should be the case that f(n) is 0(g(n)).

105 llﬂ LGSC 2 . fl(n)=3n3 gb(")-: )oa ('F;[n)):: n 10?1’\ 7,(:1): Cht 3[097\)
. o fo(n)=n(logn)'® 9 (m) = JA - C is a Constant
o fy(n)=2nloe"
. =2 9s (n) = 0-8109M | (log 3)
o ) = 2080 | |

Lgn=0(a">, >0 (4rgn)*=0(n""") = 0", r70 7, ligga) " = 0(n™)7.
(‘10\): O(\Cl(n)) | .

gn=0lJn) & Ja = 0(n)= OlnJogn) .. £5(n)=0 (Faln)) K £, (n)= O (£5ln))
T The above reasvaing nly wocks Lecayse the function bypes ace olhiffecent.
e 9smd=n X 9,(n) =2n then althoush 24(0)=0 (93(n)) Zg"(n)#O(Z%("))

%
flm= n’or fs—(n): 0($2(n)) ..

9. ()= 0(Quln)) -, €,(1)=0(£4(n))

s, fo b fa s
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3. (20pt) For a DAG with n nodes and m edges (and assume m = n), design an algorithm to test if there is a
path that visits every node exactly once. The algorithm should run in O(m) time. ‘

Tdea: Secauge aragh s a DAL, there /s a ool 05 /cal oro/e’d'n;, ﬁfbloﬁfm///
sont  the Hraph . Tf for every nodes wu LV such that u« dicectly precedes’
Vo in the ocdecing, (U, VIEE then there ezlstz  Such

ot fﬂﬂv. L~ ot then
there s »o ¢uch ‘aaﬁo,

, (w dicectly precedes V)
%v?o{z;, However, if there s & w Lv A

Guch that (U,V) EE then there is po such path . By enteadictton, i
there were suc-h -1 Pmt’k , thea w must ffcwolc v, But, since u can '+ ?0
‘ de&d’Uf +o V, it must it g0 0 a, node  that s after Vv 4 Yhe
oedecing. However [Tt 15 [mpossible that thece Js an edse from that pode to
v as thls vielates  Jdefinition of {-o‘ﬂola;/"c‘a/ oreler .7, N0 such (mi"!

ngo:
G v DAk
6).’6‘ 6’1 (make capy of 6’7)
M‘vliﬁ thece are unordeced  podes :

Poot: The Girst part oF claim s

L Find v with m lacoming edges and  append 10 ocdering
TE W is Preceo‘finj node. in ondecing A (i, v) ¢ E -
there s no sweh  path
Delcte v pnd 13 outgoing eaf@t! oo '
Thece ezpts suwch a path

Top?l«oj?m( onier'mg takes O(ntm)  but mznp g0 O(m)
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Ag;umea( ﬂm{— indez starts frm O 4 up v -

4. (20pt) Given an array A of n distinct integers and assume they are sorted in increasing order. Design an
algorithm to find whether there is an index i with A[i] = i. The algorithm should run in O(log n) time.

Idear Tf Afuliw ,then AL]Z 1 such that [<uU. X ALIT=7, i<u , thea
minimum  Possible Valftc for ACu] s Al]J+uU—-i = u (Afu]_zu>1wh?ck
contradictz  Alud SU. By Smilac rmsvnfng, iF Alud>u [ then A(I#7 form
i>u, This allows wus to restrict our search to  elther the porton
less than or gleater than .

Algo: W g0t replaced with m.
L+ denotes [eft most ndex of ceareh pontipn
r:denstes rlight most jnclex

|

while 4 £¢

el 1

& Alm]=m:
thece 5 wdex | such that ALiJ =
it AlmI ¢mo
L€ my
W Alm] >m:
rém-|
there s no guch [ndex

Because a{go halves the ¢earch POPt?Df) on every ite cation, time mp/ezify
s D(log n)
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Figure 1: In this example, there are 6 flying saucers with (L;,R;) = (0,2), (Ly,R,) = (2,7), (Ls,R3) = (1,3),
(L4,Ry) =(6,9), (Ls,Rs) = (0,4), (Lg,Rg) = (8,9). We need at least 3 laser canons to destroy all of them, and
1.5,3.5,8.5 is a set of valid positions of these laser canons.

ﬁswm(t’?m= (0,2 R (2,7) are monindusive f.e. dom't include ©, 2,00 7,
€ Really smalf #

5. (30pt) There are several flying saucers on the sky to attack the Earth. For simplicity, we assume Earth
surface is 1-D and the flying saucers are on the sky, as shown in Figure 1. We know there are n flying
saucers and each of them occupies the open interval (L;,R;) (assume L;,R; are integers). To destroy those
flying saucers, we are going to fire the laser canon at some locations. If the laser canon is fired at position
x to the sky, it will destroy all the saucers that intersects with this vertical line, i.e., all the flying saucers
with x € (L;,R;) will be destroyed, as illustrated in Figure 1. However, firing the laser canon is expensive
so we want to find a way to destroy all the flying saucers using as few laser canons as possible.

Mathematically, given n intervals {(L;,R;) | i = 1,...,n}, our goal is to find a minimum set of numbers
X = {xy,...,x;} such that for every interval i, there is at least one x; in X contained in the interval (L; <
x; <R;). Give a hweargsme-algorithm to solve this problem, and prove the correctness of your algorithm.

Olnlogn) _ﬁr_lg__0~ _ﬁ(ggf;
Siset of all gaucers Suppose X is optimal solution set.
Sort & by incceasing R; Y, & %, because 'shoof)n? gceater
while 6 sn't empty : than #«, means missing (ls; R, )&«
choose Cauces that has grullest ¥; G105t 90e in sorked ocdec. Gen that
add Ri-€ to X ¢ with o€ | Fin 24y, X2y becaise the alo
delete  all gpucecs i’l{)aiPM*cffde*/\me ¢ | dotsn’t nave to choosc any 7
less « thaa Y; (In the werst case (7

K ds ' the solution et : .
; . can  just choose y;)-e-/}/"‘”‘ff) Z;2Y..

lee= x|, me=) Y|, TE kom thea x,2Y, , %0, X Y, . Because of ¥m2y,,,
4 should be emply after X, ., The also  stps when S s emely so x. g X —
a contradichon . .'. k=m,




