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1. Genetic Testing of Twins

(a) • 𝜃: population allele frequency;

• 𝜇, 𝛿, 𝜅, 𝜆: hidden genetic state (copy number of the SNP) in the mom, dad and
twins. All of these are necessary in the fraternal twins model.

• In the identical twins model, we don’t have to include the parents (although we
could), because including the parents does not change the likelihood of T,U. Hence
we prefer to omit them.

Identical (without parents, preferred):



Identical (with parents, more complex than strictly necessary):

Fraternal:



(b) The fraternal twins model involves a term 𝑝(𝜅|𝜇, 𝛿) which is 𝑂(𝑁3). We cannot get rid
of this complexity, because these hidden variables are the key connection between the
observations T,U.

The identical twins model is a bit more subtle. We could of course include the parents
(as we did in the fraternal twins model) making the complexity math:O(N^3), but this
is not strictly necessary, because only 𝜅 actually connects T,U. Using the simplified
model the complexity is only math:O(N).

(c) We have n independent markers, whose joint probability will just be the product of
their individual probabilities:

𝑝(𝑇1, 𝑈1, 𝑇2, 𝑈2, ...𝑇𝑛, 𝑈𝑛|𝜃1, 𝜃2, ...𝜃𝑛) =
𝑛∏︁

𝑖=1

𝑝(𝑇𝑖, 𝑈𝑖|𝜃𝑖)

Finally, we wish to obtain a posterior odds ratio for the two models:

𝑝(𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙|𝑜𝑏𝑠, 𝜃1, ...𝜃𝑛)
𝑝(𝑓𝑟𝑎𝑡𝑒𝑟𝑛𝑎𝑙|𝑜𝑏𝑠, 𝜃1, ...𝜃𝑛)

=
𝑝(𝑜𝑏𝑠|𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙, 𝜃1, ...𝜃𝑛)𝑝(𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙)
𝑝(𝑜𝑏𝑠|𝑓𝑟𝑎𝑡𝑒𝑟𝑛𝑎𝑙, 𝜃1, ...𝜃𝑛)𝑝(𝑓𝑟𝑎𝑡𝑒𝑟𝑛𝑎𝑙)

=
𝑝(𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙)

∏︀𝑛
𝑖=1 𝑝(𝑇𝑖, 𝑈𝑖|𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙, 𝜃𝑖)

𝑝(𝑓𝑟𝑎𝑡𝑒𝑟𝑛𝑎𝑙)
∏︀𝑛

𝑖=1 𝑝(𝑇𝑖, 𝑈𝑖|𝑓𝑟𝑎𝑡𝑒𝑟𝑛𝑎𝑙, 𝜃𝑖)

where the priors are 𝑝(𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙) = 0.001 and 𝑝(𝑖𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙) = 0.999.


