
Final Exam
Math 31B, Winter 2022

Midterm Exam: Tuesday, March 15.

Please read the policies for online exams posted on Canvas, under Modules

– Syllabus and Policies. (The policies for this exam are the same as for the two

midterms.)

You may solve these problems by any method you like (as long as the method

is correct).

1. Evaluate
d

dx

⇣
2
x2+3x+2

⌘
.

2. Evaluate Z
ex

1 + ex
dx.

3. Evaluate Z
x2ex dx.

4. Evaluate Z 1

0

dx

x2 + 5x+ 4
.

(You do not have to verify that the integral converges. I assure you that

it does. Just find the value.)

5. Determine (with proof) whether the following integral converges or di-

verges: Z 1

2

x+ 3

x2 + 1
dx.
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6. Determine (with proof) whether the following sum converges or diverges:

1X

n=2

n+ 3

n2 + 1
.

7. Determine (with proof) the radius of convergence of the following power

series:
1X

n=1

en
2

xn.

8. Determine (with proof) the radius of convergence of the following power

series:
1X

n=1

xn

n2 + n+ 1
.

9. Determine the Taylor series for

1

x2 + 3x+ 2
.

Hint: partial fractions. Find a partial fraction decomposition for
1

x2+3x+2 ,

then use it to find the Taylor series.
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✗2+3×+2

1. ¥ 2

¥2T = ztln (2) (2×2+3×+2)=21×2+3×+2> 1h2 . (2×+3)

1- = ✗2+3×+2

2. f ex

/ + ex
DX

u=1te×
,

du --e×dx

s
'

u
du = In / ul + C

= In / 1+0 / + C

3. fx2e×d×
fudv= uv - Svdu

u=x
'

dv=e×ax } Sx2e×dx=X2e×
- S2×e×d×

du=2xdx v=e×

Szxeidx

a- 2x dv=e×dx } S2xe×d×=2xe× - f2e×d×
du

-

- Zdx v=e× = 2×e× - 2Se×d×
= 2×e× - 2e×

S×2e×d×=×2e× - (2×0-20) + C

=

✗2e× - 2×e×+2e× + C

A DX A 1

4 .

So ✗2+5×+4
=
"M

" t

( ✗ + y )
+

B

R→p Jo ✗2+5×+4
d✗

( ✗ + I >

=

✗2+5×+4

= tim
R

- l l A( ✗ + 1) +131×+4> = I

R→ (
o 31×+47

+

31×+1>
d×

if ✗ = -1 . .
. if ✗ = -4 . .

.

313=1 -3A =L

13=43 A- = -43
= Iim ft 1 1

dx
Ris o 31×+13

-

31×+4)

R

,=

tim tzfo ✗ + ,

- ¥ d×

12-10

= ¥2s 's / In / ✗ +11 - In / ✗ + ul ] ?
R

=

¥7s # In / ✗ +1/-1-3 In / ✗ +4/1 . 10
=

Iimr.us/-jlnlR+1l-1-z1nlR+4/J?/1-g1nlD-tg1nC4)/--tz1n(4)



5.fi#?ax--Li..%fEE-?,ax-- ¥7,5T ,

+

✗
¥

, d×=¥→%f?×¥ ,
ax +31? ✗I , dx
--
U= ✗2+1 du = Zxdx

=¥→% / ¥1m / ✗2+1 / + 3tan-y×) )
"

Edu=×a× fstan- ' 1×5/5
Éf? I = Ein /up

'

= Is ( Eln / 122+11 3. tan"lR)} - ( Élnb + 3. tan-112 )) 2

= 00 ☐NE
= Ein / ✗2+111?

By the improper integrals test , S? ¥1? dxxti.%fE.FI?dx .

Since the limit does not exist
,
the improper integral Sis

✗ +3

✗2+1
DX

diverges .

§ n +3

6.
n=z

n' + 1

Integral Test :

Check conditions : fix> = is a decreasing function such that flx)2O for all ✗ 22

Apply the Integral Test :
§ n +3

• n +3 R n +3

n=z n' + I
= £ n 2+1

DX =p
/IF fz nz+ ,

DX

ooh +3

According to my workin # 5 , Sancti dx diverges , SO by the Integral Test ,
§ n +3

n=z n' + I must also diverge .

7. ⇐ eñx "
✗ isa

✓
constant

Ratio Test:
nZ+ 2h + I

✗
Ntl

Iim C
"""X""

n→,

enzxn
=
Iim Erie"

"

✗
"

×
'

= time
" "

✗ = (x > ( as)
n → as

gnz ✗ n
=
him &

n -10

qnz ✗
n n → as

qln+Ñ×n+1
By the Ratio Test , the power series diverges because ¥7s en ✗

n
> 1

.

However
>
the definition of a power series states that all power series converge at ✗ =O .

Therefore
,
the radius of convergence is 0 because eñx" only converges for ✗ =0 .

✗
n

8. £ , hath +1

Ratio Test :

✗
(Mtl)

Iim Intl>
'
+ Inti> + I

= Iim ☒
'

= Iim ✗ (hath + 1)
= /✗ / Iim NZ + n +1

" "°

(n + 1)2 + n + z

•

NZ + Ntl
n → as ✗

n

XT n →A (n + 1)
2
+ n +2

h→• n2t2n+1+n+2
n2 + n + I

=/Him n' + ntl
=

1×1 (1) = 1×1
has

nz + 3h +3

t
By the Ratio Test >

the series converges when
tim hath +1
no / n- + 3n+3|=% 1×1<1 and diverges when 1×1>1

,
so the

2h + I

L Too / zn +3 1=8 Radius of convergence =L .

Lti:b 13-1=1
Check conditions for litlopital :

1. Numerator and denominator are differentiable

2. indeterminate form#

3. derivative of denominator is non - zero when nao



1 A B

9. ✗ 2+3×+2
=

(✗ + 2)
+

( ✗ + 1)
=

-
,

✗

"

+ I

-

✗

"

+2

A- ( ✗ + 1) + B( ✗ + 2) =

if ✗ = - I
. .

.
.
if ✗ = - 2

. .
. .

13=1 -A =/

A- = - l

l l

✗ +1

= 1-1×7=5%1-11)" y l l 1

Geometric series } ✗2+3×+2
=

✗ +1

-

✗ +2

i i
t • =n§txY - II. 1-Ex)n

✗ +2=2112×+17--211-11 ×))
= É £ / x)

"


