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TOTAL POINTS

56 /60

QUESTION 1

1LSC Foods and Fertilizers 10710

v - 0 pts Correct

- 1 pts incorrect number of new entry-level workers

- 0.5 pts Partially correct incoming entry-level
workers

- 1 pts incorrect number of new staff supervisors

- 0.5 pts partially incorrect number of new staff
supervisors

- 1 pts incorrect number of new hired managers

- 0.5 pts partially incorrect number of new hired
managers

- 2 pts incorrect number of new demoted entry-
level workers

- 1 pts mostly incorrect number of new demoted
entry-level workers

- 0.5 pts partially incorrect number of new demoted
entry-level workers

- 0.5 pts incorrect time delay(demoted entry-level
workers)

- 0.25 pts patially incorrect time delay (demoted
entry-level workers)

- 2 pts incorrect number of supervisors leave

- 1 pts mostly incorrect number of supervisors leave

- 0.5 pts partially incorrect number of supervisors
leave

- 2 pts incorrect number of new promoted
managers

- 1 pts mostly incorrect number of new promoted
managers

- 0.5 pts partially incorrect number of new
promoted managers

- 0.5 pts incorrect time delay(promoted managers)

- 0.25 pts patially incorrect time delay (promoted

managers)

-1 pts incorrect number of new retired managers
- 0.5 pts partially incorrect number of new retired

managers

QUESTION 2
2 Penguin Life 9/10
- 0 pts Correct
v -1 pts Incorrect entry
- 0.5 pts 20% of eggs "never" hatch

-1 pts Incorrect Pattern

QUESTION 3
LCA 10 pts

3.1 Models to Phase Portraits 2/2

v - 0 pts Correct

- 0.5 pts Incorrect model-graph and phase potrait
match for A- Should be Unstable Spiral (Spring and
Friction in same direcion)

- 0.5 pts Incorrect model-graph and phase potrait
match for B- Should be LCA with oscillations

- 0.5 pts Incorrect model-graph and phase potrait
match for C- Should be Stable Spiral (Spring, Friction
opposing direction)

- 0.5 pts Incorrect model-graph and phase potrait

match for D- Should be friction less spring

3.2 N-Shaped Friction Does What? 2/ 2
v - 0 pts Correct
- 2 pts Incorrect Match for all portions of the figure

- 1 pts Incorrect Match for portions 1-A, 4-D

3.3 How Do | Play the Clarinet? 6/6
v - 0 pts Correct
- 1 pts Did not refer to N-Shaped Friction

- 2 pts Did not verbalize how intermediate velocities



create acceleration, and the higher velocities create
deceleration

- 2 pts Did not refer to Limit Cycle Attractor

- 1 pts Did not explain why LCA produces stable
behavior

- 1 pts Incorrect explanation of how intermediate
velocities create acceleration, and the higher
velocities create deceleration

- 0.5 pts Incomplete explanation of why an LCA
produces stable behavior

- 0.5 pts Incomplete explanation of how
intermediate velocities create acceleration, and the
higher velocities create deceleration

- 0.5 pts Incorrect explanation of why an LCA

produces stable behavior

QUESTION 4

4 Rick's Gonna Do It, Y'All' 10 /10
v - 0 pts Correct
- 2 pts wrong time delay values on initial step
- 1.5 pts inconsistent time delay values between
iterations
- 1.5 pts incorrect solutions for D'(t) and/or Dnext
- 1 pts only error in final step
- 2 pts incorrect start time (t = 0)
- 1 pts Extra calculation/missing step
- 5 pts improper setup/failed to account for time
delay
- 10 pts No attempt
- 8 pts only 1 iteration attempted

QUESTION 5
Linear Functions Love Linear
Combinations! 10 pts

5.1 Linear Combinations 5/5
v - 0 pts Correct
- 1 pts Incorrect solution of equations (a=4, b=3)

- 3 pts Incomplete solution

5.2 Linear Functions 5/5
v - 0 pts Correct

Page 2

- 1 pts Incorrect solution carried over

- 2 pts Incorrect expansion of f ( 4%(3,7) + 3%(6,2) )
- 2 pts Did not plug in f(3,7) or f(6,2) correctly

- 5 pts No answer/Incorrect answer

- 4 pts No linear combination established

- 3 pts Incorrect expression for f(15,17)

- 1 pts Incorrect calculation

QUESTION 6
Linear Functions ARE Matrices. Well,
sort of. 10 pts

6.1 Matrix of a Linear Function 1/4
- 0 pts Correct
- 1 pts Incorrect first basis
v - 2 pts Incorrect second basis
v -1 pts Incorrect third basis
-1 pts Incorrect order
- 2 pts Incorrect dimension

- 4 pts Incorrect/ No answer

6.2 Composition One Way - It Works 3/3
v + 3 pts (almost) correct
+ 1 pts yes, it exists

+ 1 pts matrix representing of fo g

+ 1 pts matrix multiplication, i.e., correct result matrix

size

+ 0 pts wrong answer, i.e., No

6.3 Composition the Other Way - It Does
NOT Work 3/3

v + 3 pts correct reasoning
+ 2 pts correct answer, i.e., no

+ 0 pts wrong answer, i.e., yes
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INSTRUCTIONS

o Please do not open this booklet until you are told to do so.

o In addition to basic writing instruments, you are allowed to use a non-programmable calculator.

¢ Your cell phone must be turned off completely and stowed away where you cannot see it.

e No books or notes.

o If you have a question at any time during the exam, please raise your hand.

» You will receive points only for work written on the numbered pages. Please use the reverse side as scratch paper.
e Make sure to write legibly. Illegible work will not be graded.

o Make sure to show all your work and justify your answers fully.
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1. Some of you are already familiar with my favorite company, LSC Foods and Fertilizers, which has three categories of
employees: entry-level workers (W), staff supervisors (5), and managers (M). The dynamics of the employee population of
' LSC Foods and Fertilizers can be modeled by the following assumptions. All rates are per-year rates.

‘/o Every employee is either an entry-level worker, a staff supervisor, or a manager.

Every year, the company hires a fixed number of new entry-level workers, a.

Every year, the company hires one new manager (from outside).

The probability that an@xiry-li__‘ve?mkel is promoted to a staff supervisor is b. .
Pe.‘(‘ Cm@\’\'o\

The supervisors help each other perform their duties more effectively. Thus, the probability that any one supervisor is
promoted to a manager is an[ increasing sigmoid bf the number of supervisors, with a half-saturation density oE E&and
owever,

a maximum per-capita rate of 0.1. ue to the excessive and arcane bureaucracy of the company, promotion
decisions are made with a t1me?ela.y of 2 years.
Every year, some sgpgm‘gors are demoted back to entry-level workers. The per-gapita rate at which supervisors are

demoted is a of the number of entry-level workers, with a half-saturation density of 100 and a
maximum per-capita Tate of 0.2, Again, due to excessive bureaucracy, demotion decisions are made with a time delay

of 1 year.

Every year, some suEervisors leave the company due to lack of prospects for a promotion. The per-capita rate at which
supervisors leave is a non-sigmoid saturating function of the number of managers, with a half-saturation density of 10
and a maximum per-capita rate of 913 There is no time delay here.

Every year, d managers retire.

(10 pts) By using the assumptions above, fill in the flow rates in the diagram provided on the next page. That is: each blank
space enclosed by a dashed rectangle should get one expression.

(You can use the space below for your scratch work, but you will receive points only for what you write on the next page.)
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2. (10 pts) Female penguins have three distinct life stages: ggs (E) chitks (C (,C’F;? and reproductively mm&s (A}
Write a discrete-time matrix model of the female penguin po;:hlﬁti‘o‘n, by using the following assumptions. All rates are per
year rates.

¢ On average, adults lay 0.5 female eggs each year.

none. Sty €945 o : v
Normally, an egg takes less than a year to hat%lj, but, sa,dly,@ of eggs never hatch. 3070 Survive Yo o OCS

Penguins remain chicks for 2 years. Thus, about 50% of chicks mature into adults each year.

10% of chicks die each year. 0% SUrVIVE

90% of adults survive from one year to the next.

Eenn T O Eur O Cy+ 0.5 A,
Cuny T0.800,* 090 ¢+ O A,

Agn™ O E,* 0.50C,* 0.904,
Mo

0. 0.9 0
0 05 0.9

VRCtol!
Ene o &6 0.5 En
Cywr | = 16800 0 VG

0.9 A
An+ > b "
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3. a) (2 pts) Consider an oscillating spring, with different types of forces of friction acting on it. Match up the models and
graphs A) - D) with the phase portraits 1) - 4).

Ay X'=V, V=-X+V A) correponds to L‘_
spring friction
X . Vv

B) X'=V, V=-X-(V3-V) B) correponds to &

v
C) C) correponds to
D) X=V, V==X D) correponds to L
friction
1)

3)
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b) (2 pts) Match thex;zl/ up! Circle the correct choice below.

o 1-A, 2-B,3-C, 4D

e 1-B, 2-A, 3-D, 4-C

1-D, 2-C, 3-B, 4.A )

e 1-A,2-C, 3B, 4D

¢) (6 pts) One of the models on the previous page, along with its corresponding phase portrait, can be used to explain how
it is possible to hold a note on a reed instrument such as the clarinet. Outline that explanation.

(Hint. You might find the two graphs in part b) helpful in your discussion.)

Model and  graph B) a5 wel o3 ¥ Cofres‘DOY‘dmj phase
pertrav:  3)  Can Nelp explain lngwa S POSS\'\O\Q o
held 0 note. on o reed inStroment

The reed wside ¥he WStrum-ent s lilke o Nt
C‘ﬁd{ otrrracor. |

When oo MuUsicion pmv'\dQS ave Flow, F SP@&@‘[S Yp
e reed 0 P OSrUMment,

When Hee Some reed  Sheads W\ov'moj foo fost
Pee  cir frovo '?ro\/\o\e@ \Ou\:) Mo MUSIGON Works o S\ow
+ deouwan .

Recouse  Heere 1§ @ Fendenc fouoAD § $+6~,b\{
asciilotton  of He reed, ghnall chonges ™ oue \ﬁlOw

Hiot  homong act Pm(\Q +o oon + offect The
OSuent ond  ployer's aovhy fo eld o Note.
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4. (10 pts) Grandpa Rick has done goofed! He’s forgotten the value at time ¢ = 0.3 of a super-important state variable D(t)
Luckily, he knows that - \
e for all t <0, g
D(t) =t + 10,
o for all ¢ > 0, the dynamics of D(¢) can be modeled with
D'(t) =5D%*(t—0.2) —4D(t — 0.1)

Use Euler’s method with a step size of 0.1 to approximate D{0.3) and help Rick destroy save the world!
Rick loves precision, so you should not round your numbers.

(Hint. To make your work easier, the first four columns in your tally should be ¢, D(t — 0.2), D(t — 0.1), and D(%).)

+ | D(r-02) | D(*+-0.) ] D () \ o (1)

© Coms s [pLenzai | 16 | o
0. |pCoy= 99 |Dle)z 1o | BH.06 | §50.05
0.2 Ip(ey= 1o D(o )z .06 | 99.005 37¢
0.3 T

\m.w-\ \

Dz Do) + (BD (-0.2) - 4D (<o, \3)(0 )
= )0 +(5 (a2.8) - q(CM)\ 0.13

=10+ (H80.2 = 39.6) (0.1)

=10 + 4Y4.06
D(81) = 849, 06

DO Do) + (BD*(-01) - Hb(oﬂ (0.\).
TH.06 + (B(9.9) = H(e)) (o)
= 54.06 + (490.05- 4o)(0.1)

T BY.06 + (U008 (0.1)

(02} = 99005

D(0.2)= D(0.2) + (5 02(e) -~ un(0.1)) (01
93.065 +( 5-100 - 4. 5u, 06)(0 V)

99. 065 + (2%3.7¢)(0.1)
D(02) = 12744,

il

(0 pts) What do you think D(¢) represents?
Pl

‘()OhtSH\j no Clue.
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5. a) (5 pts) Let U = (g) and V= (g) Find real numbers  and b such that

30
a-U+b-V= <34).

(Hint. You can find @ and b by solving a system of two linear equations with a and b as the variables.)

a- () v (9= (39)

égm Gb = 30

Ta + 9% =34
26 = 20- bb Zo+ 6(3) =20
az |0-2b o+ \F =20
T(0-2%)+ 2b = 3H ,%‘f—i—%‘
—IO—\L-H:)-#Q,\O:BL,\ —_—
26 = 2o

o= 3]

b) (5 pts) Let f : R? — R? be a linear function for which
1(Gp-G) G- (3)

Find f(G?)).

(Hint. You will find part a) helpful here.)

NE R R BRGSO

o, = 1s- Gy

ooz el R ()

7(9-29) +2b =11 0= 1 | —

= 3
%Bo\—v b = 15 “Q‘C(ﬂ)
+ 2o = \f -
TJa = 7 (33
g + G \S Jo * 6{3/2) =15 - {6
- %o+ Q. =15 ;___(_&31
o
O

3H- Mo+ 20T 1T
1y =\1yp
V2= %=
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6. We have two linear functions, f : R? — R* and g : R® —+ R2. The matrix representing f is

a) (4 pts) Suppose that

Find the matrix representing g.

(OGO b 2 6
reprﬁgmr“\f} ( 53

3

b) (3 pts) Find the matrix representing f o g or explain in terms of function composition why it does not exist.

10(‘3)) ¢ ::‘

12 - %10 1+1 G+ 1o
q-"’fb \ 32% T 9+20 b+H 1% + 20
! 51 15 8+3 2yaas
\ ‘Q-_‘+6 L‘+| \2,-&»6

. Loa - [ 1 4 6

T 7 29 1o 39

ZF 39

L A

¢) (3 pts) Find the matrix representing g o f or explain in terms of function composition why it does not exist.

cj((@\
does et exi§h

Tor Hms to exist the  (ows of b ool ¢ need to
Maron  Fi<  Colomns of 3 wWnith %a do novr Y

Y Z# 3. This is ecavse it Corapssition H& ot puts of F({Z”)
wovld  necel +o [X Comp@hble (AM‘H/\ 7H )nfu/' O'fa (5 (’23)5




