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QUESTION 1

1Chemical Reactions 10/10
v - 0 pts Correct

- 1 pts You must multiply by the number of
molecules lost in the collision. In the top reaction, 2
molecules each of H and C are lost, so the terms with
0.02 must be multiplied by 2.

-1 pts You must multiply the terms by the rates at
which the reaction happens, given by the numbers on
top of the arrows.

- 1 pts Inflows should be positive and outflows
negative. The left hand side of each reaction gives
outflows to both H and C, while the right hand side
tells you that both reactions are inflows to C (at least
one of your terms has the wrong signal)

- 2 pts The rate of formation of C molecules (right
hand side) is given by collisions (left hand side)

- 1 pts Molecules colliding means you must multiply
the stocks of each molecule, giving you H*2*C"2 for

the first equation (times the appropriate rates)

- 1 pts zMolecules colliding means you must multiply

the stocks of each molecule, giving you H*C for the
second equation (times the appropriate rates)

- 5 pts You must have one differential equation per
type of molecule (ie H and C').

- 10 pts You should have: one change equation per
molecule (H' and C'). Inflows are molecules being
formed, outflows are molecules being consumed.
Parameters are given by the reaction rates (0.02 and
0.06) and the amount of molecules lost/gained.
Collisions means you multiply each stock, so for
example H+H+C+C gives you H*2 and C"2

- 1 pts On the second reaction there is no net
change to the amount of C. Your equation does not

reflect that

- 3 pts Only one equation per type of molecule,
including flows from both reactions

- 1 pts Coefficient of H2C2 in the Cprime should be
0.02

QUESTION 2
2 Nerds, Hipsters, Comic Books 8.5/10
- 0 pts Correct

- 1 pts Incorrect rate of nerds moving into town.

Did not make the rate of nerds moving in proportional
to N \*and/or\* C. OR incorrectly multiplied 0.03NC
with N. (should be 0.03NC)
(assumption 3)

- 1pts \-0.04C, -0.04N"2, 0.04

for nerds moving out of town. (assumption 4)
- 0.5 pts incorrect term for rate at which new comic

book stores are opened.

Most likely incorrectly multiplied 0.01N by C
(assumption 1)

- 1.5 pts Incorrect term for rate of comic book stores
going out of business (should be 0.02H"2C"2)
(assumption 2)

v - 0.5 pts Partially incorrect term for rate of comic
book stores going out of business (should be
0.02H"2C"2).

has correct per-store rate of comic book stores
going out of business (-0.2H"2C) ...but did not
multiply by C to get the total rate of comic book
stores going out of business. (assumption 2)

v -1 pts Incorrect term for hipsters becoming nerds.
Should be 0.06HC (gets credit if you have +0.06HC
in either N' or -0.06HC H') (assumption 6)



- 1 pts did not match the terms in outflow from H'to 3.3 Equilibrium 0/1
inflow in N'. Can get points as long as the term that v - 0 pts Correct or partially correct
you used for assumption 6 matches in both N'and C'. v -1 pts Incorrect or not attempted
(assumption 6)

- 1 pts incorrect term for the rate of hipsters moving QUESTION 4
into town. May have used (1-C) for inverse of 1/C or

Vector Field 10 pts
multiplied by H to get 0.05*H/C. Should be 0.05/C.

(assumption 5) 4.1 Definition 2/ 2
- 1 pts some incorrect constants (see circled) v +1 pts Vector field should be a function with
- 1 pts has extra unnecessary terms/missing terms domain and codomain.
(see boxed) v + 0.5 pts Domain is the state space.
- 3 pts did not write down a complete set of change v + 0.5 pts Codomain is the tangent space.
equations (merged all equations, etc)
- 2 pts switching state variables 4.2 Numbers 4/4

v/ + 0.5 pts Vector for (2,2) is (-0.6, 3.6)
v + 0.5 pts Vector for (-2,2) is (2.6, -0.4)
Company Dynamics 10 pts v + 0.5 pts Vector for (-2,-2) is (-2.6, 3.6)
v/ + 0.5 pts Vector for (2,-2) is (0.6, -0.4)
v + 0.5 pts Vector for (1,0) is (0, 0.4)

v + 0.5 pts Vector for (0,1) is (0.5, 0)

v/ + 0.5 pts Vector for (-1,0) is (0, 0.4)

v + 0.5 pts Vector for (0,-1) is (-0.5, 0)

+ 0 pts No correct process

QUESTION 3

31Flow Charta/4
v - 0 pts Correct
- 0.5 pts Partially correct labels
-1 pts Incorrect stocks
-1 pts Incorrect labels
- 2 pts Incorrect arrow

- 0.5 pts Incorrect / Missing arrows 43 Graph a/a

v + 0.5 pts Vector for (2,2)
v + 0.5 pts Vector for (-2,2)
v + 0.5 pts Vector for (-2,-2)
v + 0.5 pts Vector for (2,-2)
v + 0.5 pts Vector for (1,0)
v + 0.5 pts Vector for (0,1)
v + 0.5 pts Vector for (-1,0)
v + 0.5 pts Vector for (0,-1)

+ 0 pts Click here to replace this description.

- 1 pts Flowchart structure
- 4 pts Not attempted

- 1 pts Incorrect / Missing arrows

3.2 Equations 45/5
- 0 pts Correct
- 0.5 pts Incorrect W' > a
- 0.5 pts Incorrect W' > mS/W
- 0.5 pts Incorrect W' > bW
- 0.5 pts Incorrect S' > bW
v - 0.5 pts Incorrect S' > mS/W

- 0.5 pts Incorrect S' > kM
'
- 0.5 pts Incorrect S' > ¢S"2 Euler's Method 10 pts

QUESTION 5

- ! A . ey .
0.5 pts Incorrect M' > ¢S”2 5.1 Definition 2/ 2

-0. | M'>1
0.5 pts Incorrect v - 0 pts Correct

-0. ">
0.5 pts Incorrect M"> d - 0.5 pts Incorrect symbols used

-5 pts Equations not written - 1 pts Missing symbols in the formula



- 2 pts Incorrect/missing answer

5.2 Calculation 8/8
v - 0 pts Correct
- 1 pts Incorrect change for S1: 29.5
- 0.5 pts Incorrect S1 but correct S1': 16.8
- 1 pts Incorrect change for S2: 101.136
- 0.5 pts Incorrect S2 but correct S2': 57.254
- 1 pts Incorrect change for T1: 15
- 0.5 pts Incorrect T1 but correct T1': 306
- 1 pts Incorrect change for T2: -20.808
- 0.5 pts Incorrect T2 but correct T2": 297.6768
- 0.5 pts Incorrect Final S: 57
- 0.5 pts Incorrect Final T: 298
- 8 pts No answer
-1 pts S2 incorrect due to incorrect S1

-1 pts T2 incorrect due to incorrect T1

QUESTION 6
Differentiation 10 pts

6.1 Definition of Derivative 1/1
v - 0 pts Correct
- 0.5 pts either limit part or difference part is
incorrect.
- O pts evaluate at a
- 1 pts both limit part and difference part are

incorrect

6.2 Connecting Average and Instantaneous

1/1
v - 0 pts Correct
- 1 pts no explanation
- 1 pts no explanation of relationship between

average and instantaneous

6.3 Tangent Line 2/2
v - 0 pts Correct
- 0.5 pts no independent variable, t
- 2 pts no response
-1 pts incorrect tangent line formula

- 1 pts slope is right but other parts are missing

Page 3

- 0.5 pts no X=

- 0.5 pts what's m and what's a
- 0 pts +X(a) should be + g(a)

- 0.5 pts it's (t-a) not (a-t)

- 0.5 pts your slope should be evaluated att=a

6.4 Differentiation from Definition 3/3
v - 0 pts Correct
- 2 pts incorrect substitution/expansion of t+deltat
- 1 pts incorrect cancellation of deltat
- 3 pts no response
- 1 pts evaluate at t=2
-1 pts evaluate at delta_t=0
- 2 pts use definition instead of approximation to

find derivative

6.5 Linear Approximation 3/3
v - 0 pts Correct
-1 pts incorrect linear approximation formula
- 2 pts must use linear approximation
- 3 pts no response
-1 pts incorrect variable substitution

- 1 pts incorrect final answer
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1. Consider a solution with two different types of molecules in it, call them C and H. There are two types of chemical
reactions taking place in the solution, described by the following reaction equations:

B4+ 0402% .0

H+c 2% ¢

Recall that a reaction equation is to be interpreted as follows:
e In order for the reaction to take place, the molecules indicated on the left-hand side must collide with each other.

e Upon each such collision, there is a fixed probability, indicated by the number on top of the arrow, that the reaction
will actually take place.

e All the molecules indicated on the left-hand side are consumed in the reaction.
e The reaction produces as output the molecules indicated on the right-hand side.

(10 pts) Write down the change equations for H and C.
e L ~2  N{samic™)
« (= Yewowrqg

D' -2 (oo HlCl\ - 0.0LWC

O - (-2~ Ylosweh)
L -y +y ) Looenl)
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Nz -LCe oW - 6.0%w T
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2. (10 pts) In a certain town, there lives a population of N nerds. The nerds patronize comic book stores, of which there are
C’ many in this town. The nerds are harassed by mean hipsters, of which there are H. Write down a differential equation
model of the nerd- hipster-comic book store system, by using the following assumptlons All rates are per-year rates.

e Since comic book stores rely on nerds for business, the rate at which new comic book stores are opened is proportional
to the number of nerds, with a proportionality constant of 0.01.

airs\of hipsters amuse themselves by making fun of comic book stores, negatively affecting the image of the stores.
0, comic book stores go out of business at a per store rate proportional to the likelihood of two hipsters running into
each other in front of a store, with a proportionality constant of 0.02.

e Nerds enjoy living in a town with many other nerds and many comic book stores, so nerds move into town at a rate
proportional to the number of nerds times the number of comic book stores, with a proportionality constant of 0.03,

e Nerds move out of town due to being hired by Google at a per capita rate of 0.04 per year.

e Hipsters like to live in a town with few comic book stores, so hipsters move into town at a rate proportional to the
inverse of the number of comic book stores, with a proportionality constant of 0.05.
el OF COMMIC D00

° Every once in a while, a hipster walks into a comic book store by chance, likes what they find in there, and becomes a

s Q‘ :.*O \Q\N
A I A C'="0.02Wn*=C
_E.
° ‘\]‘ = % O‘D%Y\\C‘
» Y -0y & W' = -0.01
©~
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. ‘\l - 4 0 + O ‘)‘\‘\(: )
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' = D.0\WN - 0.OLW-C

N\: Q,D%NQ' SRR N X Q\‘D\O\\

W'z O.0% Cc\ = Ry B ok
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3. a) (4 pts) A certain compa , LSC Foods and Fertilizers, has three categories of employees: entry-level work _§§D staff
supervisors\S,l and managers Draw a flow chart of the employee population of this company, by using the following
assumptions. All rates are per—yea.r rates.

LD\VL
)
2
A
AP
°

Every employee is either an entry-level worker, a staff supervisor, or a manager.
Every year, the company hires a fixed number of new entry-level workers, a

Every year, the company hires one new manager (from outside).

The probability that any one entry-level worker is promoted to a staff supervisor is b.

The supervisors help each other perform their duties more effectively. Thus, the probability that any one supervisor is s
promoted to a manager is proportional to the number of supervisors, with a proportionality constant of ¢. <' = <

Every year, some supervisors are demoted back to entry-level workers. The per-capita rate at which supervisors are
demoted is proportional to the inverse of the number of entry-level workers, with a proportionality constant of m.

Every year, some supervisors leave the company due to lack of prospects for a promotion. The number of supervisors
who leave is proportional to the number of managers, with a proportionality constant of k. B =X

Every year, d managers retire.
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b) (5 pts) Write down a differential equation model of the employee population of LSC Foods and Fertilizers, by using the
assumptions on the previous page.

W'z o SW\KL\J\‘\A\ON

¢) (1 pts) By using the notation from the first two parts of this problem, write down an equation representing the condition
that the combined number of entry-level workers and staff supervisors is neither growing nor declining.

o 4 Seal)- oW - o\ - - e G

D= a & SW\U(D‘\O\'\\ ~o\ XM A ST
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4. a) (2 pts) By using the concepts we have learned in this course, state the definition of a vector field.

(Hint. Your answer should include the word “function”.)

N vecy €\ s o faedhon dehred o e

dhonae %O\EJ\O\T\Q‘(\S ok o wm«sdg\, S YR shaR

Spocr SRR AVO\‘(\%@\{\*\' Space oF YAk A

b) (4 pts) Let R be Romeo’s love for Juliet (or hate if negative), and let J be Juliet’s love for her Romeo (or hate if negative).
Assume that the Romeo-Juliet system is modeled by

R =0.5J - 04RJ
J' =0.5RJ + 0.4R?

Compute the vectors from the vector field of this model at the following eight points (R, J):

()
(2,2),(~2,2), (~2,2), (2, ~2)
and kls\)
@ MH= (KN ) (1’0)’(0’1%&;,(\))?\,—: o TN
(2,0 = (00e,30) (o) =~ Lo, 0.
(L) @ (Ll ,-om) o, = o5,
CL-D D 1y 2 .0) -\ QY - (o, o \)

QD) » Lo, o9 (0, =D & (05,
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¢) (4 pts) Draw the vectors from part b) in the diagram below.

A 4
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5. a) (2 pts) State the formula for Euler’s method in the case there are two state variables, call them S and T, by using the
following notation:

Sn = the approximate value of S at step n in the method

T, = the approximate value of T" at step n in the method
\ . ‘ . -\\ e
R N O N

\ = —\4\'\ ¥ ‘\.\kgw\ Tv\\‘f At
“wi o\

\

b) (8 pts) LSC Foods and Fertilizers has hired you to predict the future of shark and tuna populations. Let’s model the
number of sharks (S) and tuna (7") by using the differential equations

S =0.025T — 0.15
T'=0.1T - 0.018T

Suppose we start with 5 sharks and 300 tuna. Use Euler’s method with a step size of 0.4 years to determine the approximate

numbers of sharks and tuna at ¢ = 0.8 years. Do not round the numbers during your calculation. Round your final answer
to whole numbers.

Se= § T, : 200 A .Y
Soy= b ¥ W B-py = \b.}
Vg = U0 3 \G-o.4 = DG

Seq = Wb * A0\ \BL Oy = B 256 = BT

© S L5 2R
Xb«% YD ¥ “20.F0R O™ = AANIG LD = ZAR

e
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6. a) (1 pt) State the definition of the derivative of g = g(t) with respect to t at ¢t = a:
dg _ 22

) oylo~x ) - aley

dtle=a NS A

b) (1 pts) By referencing the definition you gave in part a), explain the relationship between the instantaneous rate of
change of g(t) at t = a and average rate of change of g over the interval from ¢t = a to ¢t = b, where b — a is close to zero

Ne  onNaaR youvR ot DO’ NS RN \03 M
wWahex e v-aas A oaand bz ax X s suay, YNk

Wik 96 Yne  owex AQR vare % ANanoe &S Ac
N ‘QNO\CX\QS Q U&\t\di Tae  NSToRionesuly YN ot
SYCNAECE N ot g, S\ne ONNAGR V Ate D€
MNMONO\R AROVIRNORES Ak WSFOANTONesAT COWC of
w\ow\ose

c) (2 pts) Write down an equation for the tangent line to the graph X = g(t) at (a, g(a)). Your answer should be of the form
X = something; aside from that, you are free to state the equation in any form you prefer.

a3\ (- "
\ - ”c\—‘—c\t R Q\ OS&O\\
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d) (3 pts) By using only the definition you stated in part a) of this problem, verify that for the function

g(t) = t2 + 5t,
we have
dg .
E =2 -
(e Men L TART L BGend) -k -9%
J DO DX
wen K ELOAL v DR A B A GD -t 6
MO Dy

W AN A x DE X D A

DO (S
o, Ok v N ¥B 3 LD vinere k=2
A0

AR *5 =N

e) (3 pts) Let g(t) be the function from part d), namely g(t) = t* + 5¢. By using your answer to part c) and the fact that

dg| _
dt lt=2 T
find an approximation for g(2.1). (You cannot answer this simply by evaluating g(t) for t = 2.1.)
i 2 — -
Al = A" + 950 =\ g T e I~ RN o T

3@\\3: W > .00 = \ALA






