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Problem 1 (5+5+10)  
 
 Consider the nonhomogeneous second order differential equation (SDE) with constant 
coefficients ( )ay by cy f t′′ ′+ + =  where , ,a b c  are constants. 

1. Method of undetermined coefficients is used to find the particular solution of the 
problem. Explain how this method works. 

2. Is this method applicable to any general form of ( )f t ? If not, why not. 

3. Derive the complete solution of 2 5 4 cos(2 ),  (0) 1,  (0) 0ty y y e t y y−′′ ′ ′+ + = = =  
using the method of undetermined coefficients. 
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Problem 2 (5+12+3)  
 

1. Show that 0x =  is a regular singular point of the differential equation 
2 22 3 (2 1) 0x y xy x y′′ ′+ + − =  

2. Find two fundamental series solutions of the above equation upto three terms. 
3. Are these solutions bounded as 0x →  
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Problem 3 (5+5+8+2) 
 
The displacement ( )y t  of a dynamic system is governed by the differential equation 

4 4 ( ), y(0) 0 (0)y y y g t y+ + = = =  

Let 1 2 0( ) ( ) when ( ) ( ) , and y( ) ( ) when ( ) ( )y t y t g t t t y t g t u tδ= = = =  
 

1. Derive the mathematical equation relating the two displacements 1 2( ) and ( )y t y t  
(Hint: See the attached formulae page) 

 
2. When ( ) ( )g t tδ= , reduce the above nonhomogeneous differential equation with zero 

boundary conditions to a homogeneous differential equation with a non-zero boundary 
condition. Write down the homogeneous differential equation and corresponding 
boundary conditions. (Hint: See the attached formulae page) 

 
3. Using the Laplace transform, derive the complete solution of the differential equation 

4 4 , y(0) 0 (0)ty y y te y−+ + = = =  
Do not use the formula on the attached formulae page. You may leave your solution in 
integral forms. 
 
4. What is the steady state displacement?  
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Problem 4 (5+10+5) 
 

1. For the electric circuit shown, show that the current 
( )I t  through the inductance L and voltage ( )V t  across 

the capacitance C , satisfy the coupled first order 
differential equations  
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Use the Kirchoff’s laws on the attached formulae page. 
 

2. If 1 2
14 ohms, 4 ohms,  farad, and 8 henrys
2

R R C L= = = = , determine the 

fundamental matrix ( ) satisfying (0)t IΦ Φ = . 
 
3. Using the matrixΦ − , solve the differential equation satisfying the initial 

conditions (0) 2 amperes, (0) 3 volts.I V= =  
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Problem 5 (4+8+8) 
 
Consider the heat conduction problem of finding the temperature ( , )u x t in a uniform rod of 
length  with one end insulated and other end held at zero temperature. The differential 
equation satisfied by ( , )u x t  is given by the partial differential equation 

[ ]

2

2 2

1  , 0  and 

the boundary conditions are (0, ) 0 ( , )

u u x
x t

u t u t
x

κ
∂ ∂

= ≤ ≤
∂ ∂

∂
= =

∂

 

where 2κ is the thermal diffusivity. The initial temeparture along the rod is given by 

( ,0) sin  , 0xu x xπ⎛ ⎞= ≤ ≤⎜ ⎟
⎝ ⎠

 

1. Using a variable separable form ( , ) ( ) ( )u x t X x T t= , reduce the problem to a Sturm-
Liouville boundary value (SLBV) problem. 

2. Determine eigen values and eigen functions of the SLBV problem. 
3. Derive the complete solution of the transient temperature field ( , )u x t  in terms of the 

normalized eigen functions and time t . 
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Formulae Page 
 

1.  Kirchoff’s Laws (Q =charge,
 

dQI
dt

=  =current) 

 RIVR = (Voltage drop across resistor R) 

 
C
qVc =  (Voltage drop across capacitor C) 

 
dt
dILVL =  (Voltage drop across inductor L) 

In a closed circuit, sum of the voltage drops is zero. 
At any node, the mathematical sum of the currents is zero. 
 
2.  The general solution of 0 0( ),  (0)  , (0)mu cu ku g t u u u u+ + = = =  is given by 

0 0
0

1( ) ( ) ( ) ( )
td cu t u u t t g d

dt m m
ϕ ϕ ϕ ϕ τ τ τ⎡ ⎤⎛ ⎞= + + + −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦ ∫  

Where 
( )2 2

2

sin
( )  , 

2 4
µ

ϕ µ
µ

⎛ ⎞−⎜ ⎟
⎝ ⎠

= = −

c t
me t k ct

m m
 

 

3.  If [ ] [ ]1( ) ( ), then ( ) dfL f t F s L sF s
dt

−= =  where 1and L L−  are the forward and inverse 

Laplace transform operators, respectively. 
 

4.  
[ ] [ ]

1 2
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1 2 1 2

( ) 1 ; ( )   

1 1 ; 
( )( ) ( ) ( )
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⎡ ⎤ ⎡ ⎤−
= =⎢ ⎥ ⎢ ⎥− − − +⎣ ⎦⎣ ⎦

 

 
  

5.  
2

( ) ( ) (0)

( ) ( ) (0) (0)

L f t sF s f

L f t s F s sf f

⎡ ⎤ = −⎣ ⎦
⎡ ⎤ = − −⎣ ⎦

 

 
 
 
 

  


