Math 61: Introduction to Discrete Structures
Midterm #1

Instructof: Spencer Unger

October 27, 2014
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Good Luck! Be sure to justify your answers!
No calculators, books or notes are allowed.

‘Problem | Points | Score
1 20
2 20
3 10
4 10
5 20
6 20
Total 100




1. (20 points) Show that for all n > 1, 8 — 3" is divisible by 5.
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2. (20 points)

(a) Throughout this problem use following sets:

A={zeR|-3< |z] <17}
B={yeZ|-5<y<10}
C={zeR|2* <100}
D={weR|w< -9}
E={neN|n’+1iseven}

For each of the following statements determine whether it is true or false. Just
write T or F for each.
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Parts (b) and (c) on the next page.



(b) Let T = {{(m,n) € NxN | 10 < m <10 and —10 < n < 10} and § = {(m,n) €
N x N | m? 4+ n* < 100}. Is it true that S =17 Justify your answer.
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(c) Let X be a finite set. Give the deﬁni’-cions of both P(X) {the powerset of X) and
| X|.
PO = 3y 1Y 28
= P sb b b suesels ab X

| = A b e b



3. (10 points) Let f: N x R — R be given by f(n,z) = nz.

(a) Is f one-to-one? Justify your answer.

Ne £ (1,0)= flo=0

{(b) Is f onto? Justify your answer.
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. (10 points) Recall that for a real number z, {z] is the greatest integer less than or
equal to z. Define a function g : R — R by the formula g(z} = La: + %J From a
homework problem we know that the relation R on R given by (x,y) € R exactly when
g{z) = g{y) is. an equivalence relation. (You don’t need to show this.) Answer the
following questions: :

(a) Graph the function g on the interval [0, 4].

)
5t
o T
A —
3
1% "
Y —
et

Y H# Sl % Y

(b) The equivalence class of 3, [3] is an interval on the real line. Which interval is it?
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5. (20 points) Given two strings o and § we say that « is an initial segment of 3 if there
is a string -y such that oy = 5. Recall that oy is the concatenation of o and ~. For
example 011 is an initial segment of 01101, but 10 is not an initial segment of 11010.

Let X be the set of binary strings of length at most 8. Define a relation R on X by
(e, 3) exactly when « is an initial segment of 3. Answer the following questions about
R. Be sure to justify your answers.

(a) Is R reflexive? (Hint: There is a string of length 0, an empty string.)
(b) Is R symmetric?
Saw- a8 Feqsion Z

(c) Is R transitive?

(d) Is R antisymmetric?



6. (20 points) Work with a standard deck of cards. Recall that there are 52 cards and

each card has a suit ({, O, &, #) and a face value (1,2,3,4,5,6,7,8,9,10,J,Q, K). All
combinations of suits and face values are possible.
This problem will have you count the number of 5 card hands that have exactly 2 cards
with face value 5 or exactly 3 cards with face value J. For full credit please state
any counting rules or principles that you use. You do not need to simplify
your answers. : '

(a) Count the number of 5 card hands with exactly 2 cards of face value 5.

(b) Count the number of 5 card hands with exactly three cards with face value .J.

\QWY Grwiloe Yo versiom 2.

(c) Using your previous answer count the number of 5 card hands with exactly 2 cards

of face value b5 or exactly 3 cards which have face value J. (Hint 1: Your count

" should include the hands that have exactly 2 cards with face value 5 and exactly 3
cards with face value J. Hint 2: Be carefull)
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1. (20 points) Show that for all k > 1, 7% — 4% is divisible by 3.
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2. (20 points)

(a) Throughout this problem use following sets:

A={zeR|-3< |z] <17}
B={yeZ|-5<y <10}
C={zeR|2* <100}
D={welR|w< -9}
E={neN|n?+1iseven }

For each of the following statements determine whether it is true or false. Just
write T or F for each.
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Parts (b) and (c} on the next page.



(b) Let T= {(m,n) e Nx N | -10 <m <10 and —10 < n < 10} and § = {(m,n) €
N x N | m? + n? < 150}. Is it true that S = T'7 Justify your answer.
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(c) Let X be a finite set. Give the definitions of both P(X) (the powerset of X) and
X1
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3. (10 points) Let f: N x R — R be given by f(n,z) = z™.

(a) Is f one-to-one? Justify your answer.
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- (b) Is f onto? Justify your answer.
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4, (10 points) Recall that for a real number z, [z] is the smallest integer greater than
or equal to z. Define a function g : R — R by the formula g(z) = |_:c + %] From
a homework problem we know that the relation R on R given by (z,y) € R exactly
when g(z) = g{y) is an equivalence relation. (You don’t need to show this.) Answer

the following questions: '

(a) Graph the function g on the interval [0, 4].
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(b) The equivalence class of 3, [3] is an interval on the real line. Which interval is it?
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5. (20 points) Given two strings « and 3 we say that « is an initial segment of 5 if there
is a string -y such that ary = 8. Recall that av is the concatenation of & and v. For
example 011 is an initial segment of 01101, but 10 is not an initial segment of 11010.

Let X be the set of binary strings of length at most 8. Define a relation R on X by
(e, B) exactly when « is an initial segment of 5. Answer the following questions about
R. Be sure to justify your answers.

{(a) Is R reflexive? (Hint: There is a string of length 0? an empty sﬁring.)
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(b) Is R symmetric?
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(d) Is R antisymmetric?
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. (20 points) Work with a standard deck of cards. Recall that there are 52 cards and
each card has a suit ({, Q, &, &) and a face value (1,2,3,4,5,6,7,8,9,10,J,Q, K). All
combinations of suits and face values are possible.

This problem will have you count the number of 5 card hands that have exactly 3 cards
with face value 9 or exactly 2 cards with face value 10. For full credit please state
any counting rules or principles that you use. There is no need to simplify
your answers.

(a) Count the number of 5 card hands with exactly 3 cards of face value 9.
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(b) Count the number of 5 card hands with exactly 2 cards with face value 10.
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(c) Using your previous answer count the number of 5 card hands with exactly 3 cards
of face value 9 or exactly 2 cards which have face value 10. (Hint 1: Your count
should include the hands that have exactly 3 cards with face value 9 and exactly 2

- cards with face value 10. Hint 2: Be careful!)
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