Math 61 Final Exam
Winter quarter 2014

Instructor: Spencer Unger

March 20, 2014

Name: % 0

ID #
Section
Good Luck! Be sure to justify your answers!

No calculators, books or notes are allowed.
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1. (20 points) For parts (a) and (b), determine whether each of the following graphs is

planar. If it is planar, show it by redrawing the graph. If it is not planar then explain
why not using facts from lecture. Don’t forget part (c).
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(c) If either of the graphs from parts (a) or (b) was planar, then verify Euler’s formula
for that graph.
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2. (20 points) Let T = (V, E) be a tree with root r and T” = (V’, E') be a tree with root
7. A rooted-tree-isomorphism f from T' to 7" is a graph isomorphism from T to T”
with the extra property that f(r) = /. The following questions concern the rooted
trees T with root r and 7" with root v’ pictured below.
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(a) Find a rooted-tree-isomorphism from T to 77,
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(b) Find a graph isomorphism which is not a rooted-tree isomorphism.
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3. (20 points) Assume the sequence of numbers a, for n € N satisfies the recurrence

relation a, = an.1 + 2n — 1 with ag = 0. Show by induction that for all n € N,

a, = n?.
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4. (20 points) This question concerns the following weighted graph.

(a) In what order does the shortest path algorithm visit the vertices of the following
graph while finding the shortest path from a to e?
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(b) Use Prim’s algorithm starting at ¢ to find a minimum spanning tree. Indicate the
order in which you added the edges to the tree.
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5. . (20 points) Let n € N and let A and B be sets of size n.
(a) Show that if f : A — B is one-to-one, then f is onto.
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(b) Show that if g : A — B is onto, then g is one-to-one.
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6. (20 points) Let F : R x R — R x R which takes a point in the plane and rotates it
45° about the origin clockwise. Consider the graph G = (V, E) where V = {(z,y) €
R xR |z?+y? =1} and {(z,9), (z,w)} € F exactly when either F(z,y) = (2,w) or
F(z,w) = (z,y). Do the following; '

(a) Determine whether each of the statements is true or false. Just write T or F for

each. " -
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(c) Show that G is not connected.
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7. (20 points) Consider the following graph G. Use the alphabetical order on the vertices
in the following questions.

(a) Draw the spanning tree obtained by breadth first search. Number the edges of
the spanuning tree in the order in which they were added to the tree.
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{b) Draw the spanning tree obtained by depth first search. Number the edges of the
spanning tree in the order in which they were added to the tree.




8. (20 points) Consider the following 5 x 5 adjacency matrix.

01111
10111
A=111 010
11100
11000

As usual label the vertices 1 through 5. How many paths are there of length 2 from
vertex 2 to vertex 37
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9. (20 points) Define a binary relation R on Q by {a,b) € R exactly when a -6 > 0.
For each of the following statements determine whether it is true or false and prove or
disprove it accordingly.
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10. {20 points) Consider the standard 26 letter English alphabet. ‘Words’ below refers to
any arrangement of letters from the English alphabet. Answer the following questions.

(a) How many 3 letter words are there?
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(b) How many 5 letter words begin with a vowel? (A vowel isone of A, E, 1,0 or U.)
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(¢) How many 6 letter words have at most 2 consonants? (A consonant is a letter
that is not a vowel.)
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