MIDTERM 1 (MATH 61, FALL 2012)
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Problem 1. (20 points)
Compute the number of 4-subsets A of {1,2,...,10} such that:
a) A has no even numbers,

b

) A has at least one number < 3,
c) the smallest number in A is divisible by 3.

d) the sum of numbers in A is exactly 11.
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Problem 2.

(20 points)

MIDTERM 1 (MATH 61, FALL 2012)

Find closed formulas for the following sequences :

a) a1 =1, anp1 :an-(

n41
2

)

b) ax=1, a2=1, Gn41 =0n-1—0n forn > 2.

Note: you can express a, in terms of Fibonacci numbers F,.
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4 MIDTERM 1 (MATH 61, FALL 2012)

Problem 3. (15 points)

Let an, = 111---1 (n ones). Suppose aj is divisible by 97. Use induction to show
that ap., = 0 mod 97, for all n > 1.

n=\ ak‘
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Problem 4. (15 points)

There are 6 candidates in a student election, to form a 3-student committee. The university
printed bulletins with the names of all 6 candidates, and every student must mark exactly 3 of
them. The total number of students is 105. Prove that:

"a) at least one candidate has 53 votes,

b) at least 6 students cast identical bulletins.
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Problem 5. (30 points, 2 points each) TRUE or FALSE?

Circle correct answer with ink. No explanation required.
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(1) The number of functions from {A, B, C, D, F} to {1,2, 3} is equal to 15.

(2) The relation R on integers is defined by z —r y if and only if g2 — g =20

Then R is an equivalence relation.

(3) The relation R on integers is defined by = —g v if and only if 2z +y = 0 mod 3.

Then R is an equivalence relation.

(4) Fibonacci numbers F, < (1.99)" for all n > 1.

(5) There are infinitely many Fibonacci numbers which are divisible by 3.

(6) The number of permutations of {1,2,3,4,5} is smaller than 101.

(7) The number of 3-permutations of {1,2,3,4,5,6} is equal to (2

(8) Sequence a, =1+ 3/n? n > 1, is decreasing.

(9) The number of permutations of {1,2,...,n} which end with 1 is equal to n!
(10) For every A,B C {1,2,...,12} we have [ANB| < [AU B[

(11) apt1 = Gn-1+2an-3— 4a,_5 is a linear homogeneous recurrence relation.
(12) @nt+1 = Gn - Gn_1 is a linear homogeneous recurrence relation.

(13) The number of anagrams of MISSISSTPPI which begin with M is greater
than the number of anagrams which begin with S.

(14) The Inclusion-Exclusion Principle for three sets is the following formula:
[AUBUC| = |A|+ |B|+|C|-|AnB|—|ANC|—|BNC]|

(15) The following parabolas are drawn in the plane:
y:mg»n2r~n3, =1y sy 12

Then the regions of the plane separated by these parabolas can be colored with
two colors in such a way that no two adjacent regions have the same color.
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