1. (10 pts) Consider the differential equation ty’ — 3y = > — 2.

(a) (2 pts) For what points (tp,yo) does the Existence and Uniqueness
Theorem guarantee that there exists one and only one solution to
this differential equation satisfying the intial condition y(ty) = yo?

Standerd Form: yl= 2yttt
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(b) (4 pts) Find the general solution of the “differential equation.
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(c) (4 pts) How many solutions are there satisfying each of the followmg
initial cond1t10ns7
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2. (10 pts) Solve the initial value problem

3
(62" - g')d‘” + (1‘7 — 155 Dy =0, y(2)=1.
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3. (15 pts) Consider the differential equation
o’ + (3+2tant)y + (14 3tant + 2tan’t)y = tcost

(a) (3 pts) Show that y; = cost is a solution to the associated homoge-
neous equation. :
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(b) (6 pts) Use the method of reduction of order to find a second solution

yo of the associated homogeneous equation, such that y, is linearly
independent from ;. '
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(c) (6 pts) Find the general solution of the full inhomogeneous differen-

tial equation.
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4. (10 pts) Match each of the following five differential equations with the
graphs of solutions on the next page, and describe (in one or two words)

the type of harmonic motion for each one.

(1 pt each)

Linear System
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5. (15 pts) Tank X contains 10 L of a salt- 25 L/nour*
water solution, and tank Y contains 20 L. )
At time £ = 0, solution begms flowing into “
tank X at a rate of 25 Li/hour, *with a con-
centration of 5 g/L of salt. At the same
time, a drain is opened to allow the solu-
tion to flow out of tank X into tank Y at
40 L/hour; another drain allows the solu-
tion in tank Y to flow out at 25 L/hour,
and a pump moves the solution from tank
Y back into tank X at a rate of 15 L/hour.

(See diagram. Note that the volume of solution in

40 L/hour

25 L/hour =T ‘
\Z 15 L/hour

each tank will remain constant.)

(a) (5 pts) Let = be the amount of salt in tank X and y the amount in
tank Y at time ¢t. Set up a system of differential equations for x and
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pts) Solve the system of equations you found in part (a).
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(c) (2 pts) USlEyo%r answer« frem par[z (b{}u@r @thé}/) gfé ns, what can

you say about the amount of salt in each tank as t — oco?
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6. (10 pts) Consider the inhomogeneous linear system of differential equa-

tions
;o 0 sect n cost
y = sect 0 Y sect/

sect ~ [tant .
(a) (3 pts) Show that y; = <tan t) and yy = (sec t) are solutions of

the associated homogeneous system.
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(b) (7 pts) Find the general solution of the inhomogeneous system.
(Note: The trig. identity sec®t — tan®t = 1 will be useful here.)
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7. (10 pts) Compute the general solution of the system of equations
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y=10 -2 0 |y.
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(Hint: To find the characteristic polynomial, it will be easiest to expand along the
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9. (10 pts) For the nonlinear system of differential equations given below,
plot the nullclines on the axes provided, and draw arrows along them
in the correct directions. Sketch arrows to fill out the rest of the phase
portrait. Find all equilibrium points and classify each one.

(Hint: There are seven equilibria, but you should only really need to use the Jacobian
to classify a few of them (one, or maybe three). The rest should be obvzous zf you do

the nullclines correctly.) - )f
' = 2y —z)(z? — 4)
=~y — 4

A= /\u(( [;/](' {l/@/ //m[lf /\L(//(,///)@)

Ty )b H)=0

spnddine izt wlleie)
M,/‘((Vf 1/) ﬂ

Jd&@bl/x/l/

&

(0,0)

e ) 2Ly )=

Equilibrium

Type

‘“)x “r l%}/

Feom

N hion
gﬂ/m/ /Mcﬁ/ Jast

/2 2)

Suldle

5l Obvians

[ / 2)
(2,7)

feom
nu [/ l nes

‘Mfi)/i i/ﬂx

/(/ / ) )

/ - !

/V(Mg‘%{ f/? {7\/1/'/!

9
Nodal  %inle I()Wﬂ//

()
S/

)
7

P [ ’/‘/zu‘%/ fr
(Jm/

9ty 26)

oL 2

(=4 WZMZ
Tl (¢ )

T4, D=2
| -49p<.p

~ " Bonus: (3pts) Describe the long-term behavior of the solution curve that

starts at the point (1,0).
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10. (10 pts) Match each of the following five systems of differential equations
with the phase plane graphs on the next page, and classify the type of
equilibrium at the origin for each one.

(1 pt each)
Linear System Plot Type of Equilibrium
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