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1. Do the following;:

(a) (4 pts) Consider the helix C parametrized by r(t) = (3cos(t),3sin(t),4t) for 0 < ¢t < 4.
Compute the length of C.

Solution. Since
[x'(t)|| = [[(—3sint, 3 cost,4)|| = 5,

we have

47 47
length(C) = / I ()] dt = / 5.dt — 207,
0 0

(b) (4 pts) Let C be the curve 22 — y? = 1 where 2 > 0 and 0 < y < 2. Compute the integral of
f(z,y) = 12zy over C.

Solution. The equation for the curve can be recast as x = \/y% + 1. So we may parametrize

C by
r(t) = (V2 +1,1), 0<t<2.
Then
t
Y (t) = <1>
©) V241
and so,

2 2
/f(z,y) ds :/ FVE2+ 1) (#)]] dt :/ 12¢/2t2 4+ 1dt
C 0 0
— |22 + 1)3/2}3 = [52]




(c) (4 pts) Integrate F(z,y) = (z + 3y, z + y) over the line segment from (—1,1) to (2,0).

Solution. The line segment C can be parametrized by
r(t) = (1-t)(-1,1) +(2,00 =@t -1,1-¢t), 0<t<l

Then

1 1
/F-dr—/ F(3t—1,1—t)-<3,—1>dt—/ (6 —2t)dt =[5]
C 0 0




2. (10 pts) Let C be the oriented piecewise-linear path in the space joining the points

Py=(1,0,0), P =(1,0,1), Py=(1,21), Py=(-121),
P4:(_1727_1)7 P5:(_1)O7]-)7 PGZ(O)O)_l)

in the order of appearance, as in Figure 1 on the next page. Evaluate
/ 2223 de 4 23 dy + (322 (2 + y) — e7%) dz.
C

Note: Justify your work!

Solution. Write F = (Fy, Fy, F3) for the vector field to be integrated. Then F satisfies the
cross-partial condition:

%_0_@ @_322_% %—(MZQ—@
oy Oz’ 0z oy’ or 0z

Since the domain of F is all of R, which is simply connected, we know that F is conservative.
Let f be a potential function of F. Then
of

e 2023 = [= /29623 do = 2223 + 9(y, 2)
x

for some function g(y, z). Then

of 3

dg 3
a—y—z

a—y—z
= f:x223+/z3 dz = (22 +y)2* + h(z)

=

for some function h(z). Finally,
of _

dz

= h'(z) = —e*

322(z% +y) —e®

= f=E"+y)2+ /(—e_z) de = (2? +y)2 +e 7+ C.

Therefore, by the Fundamental Theorem for Conservative Vector Fields,

/C F.dr = f(Ps) — f(Po) =[c — 1]

(there is extra working room on the next page)



(extra working room for Problem 2)

Figure 1. The path C in Problem 2.



3. Let F be the vortex field

F(l‘,y) = <F1(JJ,y),F2<1',y)> = <w2;yy27 72 j:_ y2>

which is defined on the plane except at (0,0). Do the following:

(a) (1 pt) Show that F(z,y) satisfies the cross-partial condition.

Solution. We have
o y? — a2 oy

oy (22 +y?)?2 Oz

(b) (3 pts) Evaluate f F - dr, where C is the circle 2% + y? = 4 oriented counter-clockwise.
C

Note: Justify your work!

Solution. By parametrizing C by r(t) = (2cost,2sint) for 0 < ¢t < 27, we get

2w : 2w
2sint 2cost
fF-dr:/ <— s;n , CZS >-<—2sint,200st>dt:/ dt:.
c 0 0




(c) (4 pts) Evaluate %F -dr, where C is the boundary of the rectangle [2,4] x [—1, 1], oriented

C
clockwise.

Note: Provide a full justification for your work, otherwise the point will be scarce.

Solution. Let D = {(z,y) : © > 0} denote the right-half plane. Then

e F satisfies the cross-partial condition on D, and

e D is simply connected.

So F is conservative on D. Moreover, C lies in D. So

}éF-dr:@

by the Fundamental Theorem for Conservative Vector Fields.




4. (10 pts) Let S be the portion of the sphere 22 +y% 4 22 = 16, where 4 < 22 +4? < 8 and z > 0.

//Sids.

Evaluate

1%t Solution. We parametrize S by
G(r,0) = (rcosf,rsinf, /16 — r?), 2<r<2v2, 0<6<2r.

Then
r

V16 — 12
r2cosf  rsiné 4r
N(r,0) = , T, N(r,0)|| = —.
r0) <\/16—r2 V16 — 12 > ING )1 V16 — 12
So the integral is computed as

1 2 22y r=2v2
149 — _ =27 |—21n(16 — r? =47 1In(3/2) |
//SzdS /0 /2 s drdo =2r[-2m(16 )] " =[4rn(3/2)

T, = <cos 0,sinf, — > , Ty = (—rsinb,rcosh,0),

2 Solution. We parametrize S by

IN
-
IA

G(0,¢) = (4sin ¢ cosf, 4sin ¢psin b, 4 cos ¢), 0 <6 <2m,

NE
N

Then we know that
IN(0, §)|| = 4% sin ¢.

So the integral is computed as

s

1 T2 ¢p=m/4
/ /S ~ds = / /0 4tan¢>dad¢:27r[—41ncos9}¢:7r/6: 4 In(3/2)].

6




5. Let S be the graph

Z:V$2+y27 _2§$§27 1§Z/§27

which is oriented upward (i.e., the z-component of the normal vector is positive). Do the following:

(a) (4 pts) Find a parametrization G(u,v) for S and compute T, T,, and N(u,v).

Solution. We may parametrize S by

G(u,v) = (u,v, Vu? 4+ v?), —2<u<?2, 1<v<2
Then
T—<1o“> T—<01“>
u 9 7\/m 9 v 9 7\/m b
U v
N(u,v) =( — ,— ,1).
(u:2) <\/u2+v2 VuZ + 02 >

(b) (2 pts) Consider a vector field G satisfying G(P) = T, (P) — 3T, (P) at every point P of S.

Evaluate // G - dS.
S

Hint: Recall the definition of the vector surface integral.

Solution. If n denotes the unit normal vector field for the orientation of S, then

//SG-dS—//S(G-n)dS.

But since n is normal to both tangent vectors T, and T,, we must have G - n = 0.

Therefore
/ / G -ds =[o]
S




(c) (4 pts) Evaluate //SF -dS, where F(z,y,2) = (z¢Y, 3yz, 2).

Solution. We have
F(G(u,v)) - N(u,v) = —ue’ — 30> + 2.

So it follows that

2 1 2
//F-dS:/ / (2—ue”—302)dudvz/ (8—12v2)dv: —20|.
S 1 Jo1 1




This page has been left intentionally blank. You may use it as scratch paper. It will not be graded unless

indicated very clearly here and next to the relevant question.



