Trigonometric identities

cos 2nz = cos?(nz) - sin?(nz)

b AR 1]
Sin M cos AL = [sin(nrfa +n)x + sin(:;r; - n)z|

cos mz cos ne = = [cos(m + n)z + cos{m — n)z]

W = R

sinmasinnz = £ [cos{m — n)z — cos(m + n)z]
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Question 1 (10 points)

Given that g1 () = z is one of the solutions to the following differential equation
2y + 2y - 2y =10,
find the general solution, y{z), in the form
y(z) = ay(z) + cpal(z),

where ¢; and ¢o are constants.
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Question 2 (25 points)
(a) (8 points) The Laplace transform of a function f (z) is defined as

Lif(a)} = /0 " oo f() de; W
using (1), show that : '
L[Hg(z) flz — a)} =" ¥ F(s),

where H,(z) is the shifted Heaviside function and F(s} = L{f(z)].
(b) {8 points) A function g(z) is defined by

()_ﬂ T T <3
IE'=Y 62z 223

Sketch the function g{z) in [0, 6] and write down g(z) in terms of the shifted Heaviside
function Ha(x). '
(c) (9 points) Show that the Laplace transform of g(z} is given by,
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Question 3 (15 points)
Using the Laplace transform technique, solve the following IVP

y' +y =gla), ¥(0)=1.4(0)=0,
where g(z) is the function defined in Question 2(b).
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Question 4 (30 points)

(a) Consider an even function f(z) with period T' = w. Its Fourier series representation
is given by
a

[eu]
0
@)~ 3 ancon(na). )
Starting from Eq. (1), derive the following Fourier coefficient formulas for a,,
2 ¥il
Oy = ;r—/ f(z)cos(nz)dz, n >0. (2)
0

Consider the function f(z) = |sinz| with period T' = .
(b) Show that the function is even and sketch f(z) in —m <z < 3.
(c) By making use of Egs. (1) and (2), show that the Fourier series of f(z) = |sinz|

is given by
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BLANK PAGE
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