Math 132 Complex Analysis for Applications Midterm I Solution

Name: K.@ \/
/

SIDH:

Directions:

Do not open this exam until the professor instructs you to do so.

Turn off your pagers and cell-phones.

You have 50 minutes to complete the midterm exam.

When instructed to begin, solve the following problems in the space provided.
Be sure to justify any claims you malke.

You may cite without proof any facts that were either assigned as homework problems or covered in lecture
unless the facts are explicitly stated as midterm problems.

You may not consult any books, notes, exams, quizzes, students, computers, pagers, cell phones, or any
other aides during the exam.

Be sure to put your SID # on the top right corner of every page.

Relax. Do the best you can. Think before you write. Write neatly.

Points | Possible Points

Problem 1 10 10
Problem 2 10 10
Problem 3 10 10
Problem 4 10 10
Problem 5 10 10
Total Score: 50 50




1. Let z; and z3 be nonzero complex numbers such that § = arg (z2/2;) is the angle between them.

(a) The dot product z; o z; is defined as Re(Z72;). Show that
Z1 029 = |21||32| cosf
(b) The cross product z; x z3 is defined as Im(Z72z3). Show that

Z1 X 29 = |21||z2| sind

Solution. Using the Polar Representations z = |z1]e™t and zy = |22|e®

z10oza +i(z1 X 22) = Z[ 2o

= |21]e™* |25 "2
= |21 |z |e*®2 %)
= |21|z2le”

= |21||22] cos 8 4 7|21 || 22| sin @
Equating real and imaginary parts in the equation
z102zp +i(z1 X 22) = |21||22| cos 0 + i|z1|| 22| sin @

we have proved (a) and (b).



2.

(a) Find the cube roots of 8i. Plot them on the complex plane.

Solution. The cube roots of 8 are the cube roots of 1

27 Ani

{l,e7s e 3}
4
multiplied by the principal cube root of 8i: j?r
{8i|%emr38i =83eT =2¢¢ \
\
Thus the cube roots of 8i are N\,

which simplifies to

(b) Compute all values of (v/3+ z)ﬁ

Solution.

(x/?? + 7.) = {iloe|VEAHIFiArs(VBHHEnE) | k= 0, 41,49,...}
= {etloe2=5 2k | p —0,41,42,...}
EfzwarilogZ | k = O, :tl,j:z, . -}

= {675



(a) Show that the following function is harmonic.
u(z,y) = 2 —y* — 2ay

Solution.
— =2z =2
iy S

—=—3 — 22

We have 52 52
U u
4 to9-2=
dx2 i oy 0
Thus u s harmonie.
(b) Find a harmonic conjugate v(z,y) for u.

Solution. Since u + iv must be analytic, by the Cauchy-Riemman equations

dv  Ou
A Y P
dy Oz il
v ou
e e O
Oz Ay vy

The harmonic conjugate is given by

¢ Bu .
U(ﬂl‘,’y) = —f '@'(S,yg)ds —I—/ a—z(m,t)dt
To Yo

Y
= / (25 +2yo)ds+ | (2z —2t)dt
Zo v ¥o

T Y
- f (28)ds + 2u0 (z — 7o) — f 2tdt + 22(y — yo)
To Yo

= 32[20 + 2yo0(z — o) — tzlzo + 22(y — yo)

= z* — (z0)? — 2moyo — v* + 13 + 23y

=z” —y® + 22y — [2] — & + 2zoy0]

where (zo,%0) 18 a fized point in C.



4. Consider the following complex-valued function.
flz)=2+4az

Prove using the definition of complex derivative that f(z) is analytic if and only if a = 0.

rioy v @+ h)+alz+h)—(z+ aZ)
Fig)= h
. Z+h+az+ah—z—az
= lim
h—0 h
— s h+ ah
“alo T R

If we let h be real as it approaches 0,

lim htah = lim —(1+a)h =1+4a
h—0 h h—0
If we let h be purely imaginary as it approaches 0,
h+ah -
lim T8 = lim i a)h:l——a
h—0 h—0 h

In order for this limit to exist, 1+ a =1 — a. This occurs if and only if a = 0.



5. Consider the following fractional linear transformation (FLT).

(a)

(b)

z+1
z—1

f(z) =

Determine the image of the unit circle under f. Sketch the unit circle in the z-plane and its image
under f in the w-plane.

Solution. Sinece

1— o0
i+1
i—1
~1—-0

7 — —1

the unit circle maps to the imaginary azis iR under f, since FLT’s map (lines and circles) to
(lines and circles) and three points uniquely determine o generalized circle on CU {c0}.

Determine the image of the open unit disk {z : |z| < 1} under f? Sketch the open unit disk in
the z-plane and its image under f in the w-plane.

Solution. Since FLTs preserve orientation and the unit disk is to the left of the unit circle
traversed counter clockwise, the image of the unit disk is to the left of the image of the unit circle
which moves up the imaginary azis. Thus the image of the unit disk is the left half-plane Re w < 0.




