Mathematics 132/3
Yiannis N. Moschovakis
Test #1, January 30, 2012

All parts of each problem are worth (approximately) the same, and there are altogether
100 points available. There is plenty of working space on the back of each page as
well as a blank page at the end.

Some parts are more difficult than others: do first those parts that you can do without
much thinking, and come back afterwards to work on the rest.

Good luck!

Solutions to Problems 2, 3, 6
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Problem 1 (50 points). Compute each of the following, and write your answers in
x + iy form, leaving expressions like cos(3), e™, etc. as they are. Make sure to indicate
clearly whether the answer is a single number or a set of numbers, i.e., the value of a
multiple-valued complex function.

(1.1) /1 —3

Solution.

Ans. o

(1.2) sin (i +7)

Solution.

Ans. o

(1.3) log(2i)

Solution.

Ans. o




(14) e2 log(2+3i)

Solution.

Ans. o
(1.5) log(3)
Solution.
AI’IS. O
) 1 \»
Solution.
Ans. o
3
1
(1.7) lim,_; ———
z(z —1)

Solution.

Ans. o
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(1.8) f/(i) where f(z) = Log|z| +iArgz

Solution.

Ans. o
(1.9) 277
Solution.

Ans. o

(1.10) (2)V2

Solution.

Ans. o




Problem 2 (10 points).

For each of the following limits, determine whether it exists or not, and if it exists,
compute its value (either a complex number or co).

(2.1) limy o0 i"
Solution.

This limit does not exist, because the sequence (starting from n = 1) is
i,—1,—1,1,4,—1,—4,1,...

and it just oscillates around these four points.

Ans. | The limit does not exist.

- V2+1
(2.2) limy—oo "5,

Solution.

Y2+ 1 lim, Y2+ 1lim, 2 1

. onY2+1 .
lim ———— = lim — = — i - = —.
n—oo 1+ 3n n—oo - 43 limy, .- + lim,, 3 3

Ans. |lim,— 00 ”1\1%: 1 _ %
(2.3) lim, oo e
Solution. limg,_, s e~ =0 along the real line, but lim,_ e~ (@) = limg, o0 e’ = 00

.. . . . . _ 2 .
along the “positive” imaginary line, and so lim,_,,, e™* does not exist.

Ans. ’The limit does not exist.

(2.4) lim,_o cos(Si%)
Solution.

sin z sin z

lim cos(

lim ) = cos(1).

) = cos ( lim
z—0 z

Ans. |cos(1)
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Problem 3 (10 points)

Consider the stereographic projection, which maps the unit sphere onto the extended
complex plane.

1
(3.1) Let C be the intersection of the unit sphere with the plane z = 3 and let D be
the image of C under the stereographic projection. Which of the following are true:

(1) D is a line.

(2) D is a circle which lies inside the unit circle.
(3) D is a circle which contains the unit circle.
(4) D intersects the unit circle.

Solution.

Ans. ’ (3), a circle which contains the unit circle. ‘

(3.2) What is the image under the stereographic projection of the circle C' on the unit
sphere which contains the north pole, the south pole and also the point (g, @, 0)?

(Draw you answer).
Solution.

Since the north pole is on C', the image of C' contains oo, and so it is a line; and since
the south pole is also on C' and the projection maps the south pole onto the origin
(0,0), the origin must also lie on that line: so the image is a line which goes through
the origin. To decide exactly which of these lines it is, we consider also the point
( @, g, 0) , which lies on the unit circle and so it is fixed by the projection: it follows
V2 V2

that the image of this circle is the line throught the origin which contains (%=, %),
i.e., the line at an angle of 7.

Ans. | The line y = .
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Problem 4 (10 points) Sketch the following sets in the complex plane, and determine
for each of them whether it is open, closed or a domain; indicate your answers by
entering “YES” or “NO” in the Table below. (Some of these sets may have none or
more than one of these properties.)

(a) The set consisting of the real and imaginary axes, xy = 0.

(b) The closed unit disk |z| < 1.

(c¢) The open unit disk |z| < 1.

(d) The open disk |z — 2| < 1 together with the left-half-plane Re(z) < 0 (the union).

Answers

Set | Open? | Closed? | Domain?
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Problem 5 (10 points). Consider the following two complex functions, defined in
terms of their real and imaginary parts:

(a)  f(z+iy) = (4y* — 42® + 4z — 1) +i(8xy + 4x)
(b)  glx+iy) = (42 — 49 + 4y — 1) + i(Szy — 4x)
One of them has a derivative at z = 0 and the other does not.

Determine which of these two functions has a derivative at 0, and compute this de-
rivative.

Solution.

Ans. o




Problem 6 (10 points).
(6.1) Compute Log(i), where Log(z) is the principal branch of the log.
Solution.

Log(z) = Log|z| + i Arg(z), where Arg(z) is the principal value of the argument
function, and so

1
Log(i) = im.

Ans. |Log(i) = gim.

(6.2) Find a branch G(z) of log(z) with the following properties:

(1) The domain of G(z) includes both the real and the imaginary axis (except for 0,
of course).

(2) G(i) = Log(i).

(3) G(1) # Log(1).

Solution.
We set
G(z) = Log |z| + iarg%ﬂ(z)
so that the branch cut of G(z) is the half-line y = = with z > 0, and

argiw(i) = —m, argiw(l) = 27.

2
This gives

i) = %m' —Tog(i),  G(1) = 2mi #0 = Log(1).

Ans. |G(z) = Log 7| +iarg%7r(z), G(i) = 3mi, G(1) = 2mi.

(6.3) Compute G'(7) for the branch you found in the previous part.

1
Solution. G'(z) = — for every z in the domain of G(z), since G(z) is a branch of the
z
1

logarithm; and so G'(i) = = = —i.
i

Ans. |G'(i) = —i.
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MATH 132 TEST 1 (WINTER 2012)

Problem 1

(1.1) ¥Y1 -4
First we have 1 — i = v/2¢ %%,

— A2k f%+2k7r

Then ¢/1 —i = 26e— 5 ' = 25 cos 7%22’” + 926 sin —A—
with k= 0,1,2.

(1.2) sin(i + T)

ete !

sin(i + ) = sinicos § +sin § cosi = cosi = <5

(1.3) log(2i)
log(2i) = Log2 + i arg(2i) = Log2 4 (5 + 2km) with k € Z

(14) eZlog(2+3i)
6210g(2+3i) _ [elog(2+3i)]2 — (2 + 32)2 — 5412

(1.5) log(3)
log(3) = Log3 + i2kw with k € Z

(1.6) Tim, oo (5)"

1

1 L
i+1

Since || = 7 <1 limy, o0 (737)" = 0.

Since lim, ;(z* + 1) = + 1 =1—1i £ 0, lim,; 2755 = oo,

(1.8) f'(i) where f(z) = Log|z| + iArgz
Since f(z) = Log|z| + iArgz = Logz, f'(z) = 1 and then f'(i) = 1 = —i.

(1.9) 2i

oim 6i7r10g2 — 6'i7r(Log2+i2k7r) — 672k7r2+i7rL0g2 — 672l~c7r2 COS(?TLOgZ) +

. _9p-2
62k7r

i sin(mLog2)

with k € Z

(1.10) (2)V2



(2)V2 = V282 — V2(Log2ti2km) — oV2Loe2 ¢og(24/2hrr ) +ie V2082 gin (2y/2k )
with k € Z

Problem 4
(a) closed and not domain
(b) closed and not domain
(c) open and domain
(d) open but not domain

Problem 5

Consider the following two complex functions, defined in terms of their real
and imaginary parts:

(a)  flo+iy) = (dy* — 42* + 4z — 1) +i(8zy + 4z)

(b) gz +iy) = (42 — 4y® + 4y — 1) +i(8zy — 4x)
One of them has a derivative at z = 0 and the other does not.
Determine which of these two functions has a derivative at 0, and compute
this derivative.

(a)
O(4y* — 4% + 4z — 1) 0(8zy + 4x)
Ox oy ’

so f(z) doesn’t satisfy Cauchy-Riemann equations and thus nonanalytic.

(b)

= —8r+4+#8x=

O(4x? — 4y* + 4y — 1) O(8ry — 4x)
— gy = JOW )
ox dy
and O(4x? — 4> + 4 1 (8 4
(4o® — dy° + 4y — ):_8y+4:_ (8zy — 4z)
dy ox

i.e. g(z) satisfies Cauchy-Riemann equations and thus analytic everywhere.
Next

4y — 42 4+ 42 — 1 —4
g,(z)zﬁ( y z° + 4z )+i8(8$g$ ) _ St i(8y—4),

Ox
then ¢'(0) = —4i.




