1. Suppose fis a holomorphic function defined on a region U
which is simply connected(that is, which satisfies the
Poincare Lemma/ “p,q Theorem™). Show carefully using the
Poincare Lemma that there 1s a holomorphic function F with
F' = f everywhere on U. (Do this directly. Do not appeal to

the Cauchy Integral Theorem) .
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2(a) State the Cauchy Integral Formula

(b) Show how the Cauchy Integral Formula implies that a
holomorphlc function defined on the disc {z: |z| <1} has a power
series expansion around 0 that converges to f on the same disc. .
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3 Find the negative power part and the first two nonzero
nonnegative power terms of the Laurent series around O of the
function 1/(sin z) which is valid on the punctured disc

{z: 0<lz|< m}.
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4 (a) Write down the integral formula for the coefficients of the
Laurent series of a function f which is holomorphic on -

{z: 0<|z|<1}. ,

(b)Show that the negative power coefficients are ail O 1f there is a
constant M such that |f(z)| < M for all z with 0<|z|< 1.
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5 (a) Find the negative power part of the Laurent series of
1/ (z-1) (z-2)" around z=1

(b) Do the same around z=2 _
(c) Verify that the sum of the two items for (a) and (b) is

= 1/(z-1) (z-2)

(d) Explain why the equality in part (c) is guaranteed by
general principles(limits at infinity and so on).
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