- 1. Suppose fis a holomorphic function defined on a region U
which is simply connected(that is, which satisfies the
Poincare Lemmal "p,q Theorem"). Show carefully using the
Poincare Lemma that there is a holomorphic function F with
F' = f everywhere on U. (Do this directly. Do not appeal to

‘the Cauchy Integral Theorem) .
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2(a) State the Cauchy Integral Formula
(b) Show how the Cauchy Integral Formula implies that a
holomorphic function defined on the disc {z: |z |<1} hasa

power series expansion around O that converges to f on the same
disc.
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3 The basic estimate on the absolute value of a line integral
is that |
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Explain why this estimate is valid(Suggestion: Recall the "trick”

of multiplying by a complex number of absolute value 1 to make
the integral real non-negative)
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4 7@ a
O
by complex variables methods. Explam briefly but clearly why
the steps in your calculation are valid.
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5 (a) Use the differentiated Cauchy mtegral formula and the
result of problem 3 to show that a function f that is holomorphic
on all of the complex plane C and which is bounded is
necessarily constant.[f is bounded means there is an M>O such
that [f(z)|€M for all complex numbers z]

(b) Explain briefly but clearly why part (a) implies that every
nonconstant polynomial P(z) has a root, i.e., there is a z with

P(z)=0.
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