Fall 2015 MATH 131AH Midterm

Please write clearly, and show your reasoning with mathematical rigor.
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1. (10pt)

(a) State the least upper bound property for the real number system IR.
(b) Using (a), show that the set {n?: n € IN} has no upper bound in .
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[ 2. (15pt) (True or False) If true, you do not need to prove it. If false, please provide a
. counterexample: you do not need to prove that it is a counterexample.
(a) Countable intersections of open sets are always open. F«\g‘ ;
. » Al k
(b) Countable intersection of compact sets in JR* are compact. “ 8 o’
% (¢) Any non-empty open set in a metric space is uncountable. jg/ Foke
X ‘ (d) Cauchy sequences in a metric space are convergent sequences. M Gve
(e) liminfs, < +oo for any sequence s, in R. F'-:_i__& ‘
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3. (10pt) Let B be a nonempty subset of a metric space (X,d). Show that if ¢ € B then
there is a sequence z,, in B which converges to .
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(a) State the definition of a compact set.

(b) Using only the definition of a compact set, prove that every compact set is bounded.
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5. (10pt) Let K, F C JR?, and let K be compact and F be closed. Show that if F is disjoint
with K then

d(z,y) > 0.
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(Hint: consider sequences with d(zn,yn) — 0.)
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