Math 115A Midterm II Feb 26, 2020

Name: _

UID: _

Signature: _

Instructions: You have 50 minutes to complete this exam. There are five problems
worth a total of 50 points. This exam is closed book and closed notes, and calcu-
lators are not allowed. You must justify your answers and show all of your work to
receive full credit. Simplify your answers as much as possible. You may lose points
for answers that are not simplified. Write your solutions in the space below each
question. If your answer continues onto another page, write an easily visible note
under the original question. You may use the last two pages of the exam for scratch
work.

Question | Points | Score

1 8 ¥y

2 12 |12
3 10 | |o
4 10 |0
5 10 | 1O

Total: | 50 | 50
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1. Write out the following definitions.
(a) (2 points) A linear map T: V — W.
(¢t VW ve vetTor spates o "‘_‘C'U'l s
A fwcTibn ToVaw is o Unesr map K
(2 T4y = TR 4 Tg) B all x 1€V

) T(X)= cTWO b ol celF, xeV

(b) (2 points) The nullspace and range of a lincar map T: V — W
t T:V—\ e a Unar mgp. |
T nllspdcr of T s - N(T)= LXEV | T(0 =07

Tha ing< o T s pT): frinew | xeV) v/

(¢) (2 points) An eigenvector of a linear map T: V —-> V and its correspond-
ing eigenvalue.

Lt TeL(v) be GWaear and N V& a ﬁwi'b'dmusfow&
-Vtc'for Sper. £ v Ve xe\/ s an
Cignverter of T W T(K)2AX Ay Soire /(éﬂ?-‘/

T Clalac A 15 the wvwdpowdm\] €13envalvT.
. !

(d) (2 points) The characteristic polynomial of a linear map T: V — V.

(ot Téf(") Le (ueav ard V b a finit ol taneruian of
Wit spate. b pelyaeedial pU)s it (T-43) O
18 chavactomstic _po'gn-voat ok T, /

————
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2. (12 points) Let V and W be finite-dimensional vector spaces with dimV =
dimW, and let T: V — W be a linear map. Prove that the following are
@qiivalent.
(a) T is one-to-one.
(b) T is onto.
(¢) rank T = dim V.
We vall e (a) => (b) = (c) = ()
(D)2 (V= Suppote T 0> onesTo -0r2. Thgur, N(D= {0y}
: Hwme, uf.mj the direngon thasrem
dimlv)- d dim( MT V) + d:m(P(‘m
\‘___—-VN.-—-/
- Q
W ~ M1
¢ | wnee dim(B(T))* d""”) > 47 () ‘:(,r)d- W
p(m 8 A sbspace of than
n @, T /s onte
P(T) W

(ld] ::)(()." 9;1)").)\( T i 2wto ThaoN
How L, vanu-v)-.drmem):d:mf\f')'—J'm(V?/

() (o) S"\"Pok vank (T) = dim (Y). Than, shin(R(G))= diniv)
: =dvm(w),

Hauw U uunj thae dimgnyon 'Uu,.m,m/

At (V) = lim (M) + dim (m))

Tdim (\J)
AMmV) = din (V) 1 din (v)
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3. Let T M3x3(R) = Myys(R) be the function T(A) = A — A" (r\,, o /
(a) (4 points) Prove that T is a linear map.
bt kel dud A e My @) s thoet A- ( )
T(AR) - (“”’ vib' atal L4b ara! ctc
e auar) - (("C' 4*4')-(»15' du')
0 ' '
btb'=c-c 0 - I,
(Hc'-b—b' O )‘(0 bc)+(o v C)
b 0 e 0
- Th) + T(e)

Tha -1 (““ Y") (xd Kb xa ¥C\_ /o X(lrf)) _ [0 u-c

Xc Xxd Yc \(d] b xd) T Ax(ew) O - x((-b 0
(b) (6 points) Consider the Oéc‘lered beésis (5” Pq : XT ( A’)

1 0 01 00 00 . - '

{60606 0)-G 1)} e T v

for Msyo(R) and compute [T5.
(19)- 0

(o)
0 (4 on
) 0\; r;,—ﬂr‘,,a—c)ﬁq

oy
%)

(5%
( )"
(2%

- 0
ot | 9 )- -
7 6.0 C}’agedlofB .j




4. (10 ponts) Let T: ®* - R?® be the linear map T(z,y.2) = (z,¥. —z2). Let
~ ={(1.0,0).(0,1,1),(1,0,1)}. Compute [T], using the change of basis theorem.

L"}B:— G—' CT‘]PG / whaye Q"(Ivj%
Ut B e tine grardavd bdsi> - £(1,0,0) ,(0,1,0), (9,21}

\O

T(l,0|°)'- Urol"): [(1,89) 0(0,1,0) +9(0,9,1)
T(9,1,0) = (0,1,0) = 0(t90) + ((8,40) *+ 0(0,0})
T(3,0,1) = (0,0,) |0|U\’(O(0|0"\ (0.0,1)

e (453 et (14
T




5. (10 points) Let T: P,(R) = P,(R) be the linear map

T(f(z)) = 2*f"(z) + f'(z) + f(1).

\O Find the characteristic polynomial and eigenvalues of T'. Find a basis 3 for Pz(R)
consisting of eigenvectors of T. )
LY B Ve @ vandaqud basis fov (@ = 11X, X 3
R
T = x*(0)x o+ = | = |+okt OF
' L
T(X)=xHo) + (+ 1= 2= 9(nt10xtOX
TOO) e (4204 0= g2yt 2x®
L2 | |
‘CT-)g: (O O '}) /
O o 2
I-A 3 ! v
[T-]ﬁ"Alv - ( 0 -=A p!
© o0 2-X
clﬂqn(tuﬂ’ﬂfg Po\ &V]o\ﬂ’l"q' : F('t)i LT(T—{I>
| ' [-A % \ e
p(N)z et (T-AT) = dut (0 A s\ T e
0 O 2A
4

- (( A ) (-{\) (2-)K)
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You may use this page for scratch work.

frcrmva(m of T+ A~ 1, 0/ _2‘

A<\ (1),-t1. - /90 2 | ) 2
ﬁ v o =1 2 :(Ofl
6 o |
0 d
p) 0 0
‘(o—lU
0O 0 |

Thn, the 1y d fwacin a-tlax-lcy" ovth _ﬂAa'T

0991/ 0 © 0 b= 0
o:(%ﬂoo)(b)i 0 -Lb 0 ¢z o
¢ AN 0 4 C o Bt

2\ i an Q\'km\/“‘tw o T

T, At (5 d fwmction g4by+ el cwh that

O._ i 2 O o ot 2b o=-2b
0 9 | v - Pce':' 8 c=0
(] O 00 C o \/

=24 xy 05 o egenvecar of T
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You may use this page for scratch work.
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