MATH 115A Midterm I, Spring 2016

Name: /)W\ C\,\TQ \;\/

Justify All Your Answers
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Problem 1. (5)
Let T be a linear transformation from R* to itself defined by T'(x) = Ax where
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and x is a column vector in R*.
(i) Find a basis of the null space of T

(i) Find a basis of the range of T.
(iif) What is nullity and rank of T?
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Problem 2. (3)

Let V be a or space over a fleld F. Suppose that W1 and W; are two
sub§2§.ces, neither of them is contained in the othei'f“Rq)ve or disprove the
following statements: —— —

(a) W1 N W, is a subspace; e S B
(b) W1 U W> is a subspace;

(c)W; + W is a subspace, where Wy + W5 is defined to be the collection of
elements of the form z = = + y with £ € W7 and y € W,.

(d) If Wy N W, = {0}, any element z in W} + W3 can be uniquely expressed as
z=x+y with '€ Wp and y € Wh.
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Problem 3. (5)

Given two matrices A = [ 3 (1) and B = [1) g ],
formations T4 and T from Ma;(R) to itself by the formula T4(X) = AX and
Tp(X) = BX for X € Ma(R). Here Mos(R) is the vector space consisting
of all 2 by 2 matrices with real entries. Let § = {E11, Ei2, E21, Ea2} be the

standard basis for M2 (R).

define two linear trans-

(i) Find the matrices [T4]s and [Ts]s. -~
& 7
(i) Find the matrices [T4 o TB]g and [Tg o Ta)s- bt
(1u) Find the matrix [(T4 0o Ts — T © TA)“],B- Here (TaoTg —TgoTy)™ =

(TAOTB —TgoTy)o(TsoTg —TgoTy)o--0(TyoTs —TgoTa) is the n-fold
composition of (T4 0 Tg — T o Ta).
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Let V' = Mja(R) be the vector space of 2 by 2 matrices and T : V — V bea
linear transformation defined by T(X) =X + Xt for X € V. Here Xt is the
transpose of the matrix X.

(i) What are the null space N (T) and range R(T) of T

(ii) Find a basis for N(T') and R(T) respectively. What are the nullity and rank
of T7

(iii)What are the interesction N (T) N R(T) and the sum N (T) + R(T)?
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