Midterm 2
UCLA: Math 115AH, Winter 2019

Instructor: Jens Eberhardt
Date: 1 March 2019

e This exam has.3 questions, for a total of 20 points.

Please print your working and answers neatly.

Whrite your solutions in the space provided showing working.

e Indicate your final answer clearly.

e You may write on the reverse of a page or on the blank pages found at the back of the booklet however
these will not be graded unless very clearly indicated.

e Non programmable and non graphing calculators are allowed.

, ID number:

Question | Points Score

1 6
2 6
3 8

Total: 20
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1. Let F be a field, V, W be a vector spaces over I and T : V — W be a linear maps. Recall that the dual i
of or pullback along T is defined by S

T W* s V5a= (V= Fuve alv). ., - ‘
Now let U be another vector space over F and S : U — V a linear map. 5 V{,C%T X
(a) (2 points) Show that (T'S)* = S*T™*. > l/' __>
ey K ' N SW
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( )s , ) FTF = (T$) * S

(b) (2 points) Assume that T is invertible. Give an inverse of 7™ in terms of T-1. Prove that your
inverse is really an inverse. =

Hint: What is id}, and idj? e
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(c) (2 poi nt)Shwtht im(T")* is isomorphic to (V/ker(T))*.
Hint: Dimension arguments d tw rk here. Use (b).
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over F. Recall that for an endomorphism T ¢ End(V) and

. Let Fbea field and V be 2 vector spacé
) € F we denote .
E\T)={v€ VI TWw) = pYi]s

(2 points) Show that for \ & P the space Fx(T) is ivaciant und(?r T. ‘,( ) ‘,
lo«) L)‘d:r'nfi'fom El CT) = iuéV‘ l U)‘ /2\/ Q V

'\/@3(' £ H TCV) =lv € gfwv\ iv&V’ITCU) ’:?V}
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2
= Yer(T — Midv) & V.
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(b) (2 points) Show that BAT)CE 2(T2).
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(c) (2 points) Let A1, Az € F. Assume that B, (T) N B, (T) # {0}. Show that A; = Ag.

Led V€ E,’L CT> T(V>;2iv,
Al let v, ¢ E (T) 5.1, IT(VI):ZV
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3. Let V be an inner product space over F = R where the inner product is denoted by (z,y) for ©,y € V.

Consider the map
0V o Ve (V= By @:9)

V(a) (2 points) Show that £ is linear.
o w2V, 26T |
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(b) (2 points) Show that ¢ is injective. . o, _ |
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(c) (4 points) Now let T': V - V* is a linear map. Define
(= =)g : V xV = F, (,9) = T(@)()-
So in other words, (z,y)y = T(z)(y). Assume that T is injective, T'(z)(y) = T(y)(z), and that
T{z){(z) >0 for allz,y € V.
Show that {—, —)p is an inner product. L{/
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as been left intentionally blank. You may use it as scratch paper. Tt will not be graded unless

This page h
clearly here and next to the relevant question.

indicated very



