
UCLA — Electrical Engineering Dept.
EE141: Principles of Feedback Control

Midterm Exam
Wednesday, February 3, 2016

Solutions

1. A two-phase AC induction motor has transfer function

H(s) =
Km

s(Tms+ 1)
,

with motor constant Km = 2.5 and motor time constant Tm = 0.1 s. The motor is enclosed in a
simple unity feedback loop as in the following diagram:

+ Ka H(s)
r(t) e(t) y(t)

−

(a) (1 point) Write down the closed-loop transfer function, T (s) = Y (s)
R(s)

.

Solution:

T (s) =
KaH(s)

1 +KaH(s)
=

KaKm

Tms2 + s+KaKm

=
25Ka

s2 + 10s+ 25Ka

Assume Ka = 1.

(b) (2 points) What are the undamped natural frequency, ωn, and the damping factor, ζ?

Solution: ωn = 5 rad/s, 2ζωn = 10 ⇒ ζ = 1.

(c) (3 points) What are the percent overshoot, Mp, and the settling time, ts? You may consult
the following figure:
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Figure 3.24   Overshoot versus damping ratio for the second-order system

Solution: Mp = 5 %. Because � = ⇣!n = 1, ts = 4.6
1

= 4.6 s.

(d) (4 points) What is the expression of the error function, e(t), if the input, r(t), is a unit-step
function?

Solution:

E(s) = (1 � T (s))
1

s
=

1

s
� 2

(s + 1)2 + 1
=

1

s
�
✓

A1

s
+

A2(s + 1)

(s + 1)2 + 1
+

A3

(s + 1)2 + 1

◆
,

with A1 = 1, A2 = �1, A3 = �1, therefore

e(t) = e�t sin(t) + e�t cos(t), t > 0.

(e) (3 points) When the input, r(t), is a unit-step function, what is the steady-state error,
ess? Use the final value theorem and check your result with the answer to the previous
question. What is the type of this system and is your answer consistent with the system’s
type?

Solution: By the FVT

ess = lim
s!0

s2 + 2s

s2 + 2s + 2
= 0 = lim

t!1
e(t).
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Solution: Mp = 0 %. Because σ = ζωn = 5, ts = 4.6
5

= 0.92 s.

(d) (4 points) What is the expression of the error function, e(t), if the input, r(t), is a unit-step
function?

Solution:

E(s) = (1− T (s))
1

s
=

1

s
− 25

s(s+ 5)2
=

1

s
−
(
A1

s
+

A2

s+ 5
+

A3

(s+ 5)2

)
,

with A1 = 1, A2 = −1, A3 = −5, therefore

e(t) = e−5t + 5te−5t, t > 0.

(e) (3 points) When the input, r(t), is a unit-step function, what is the steady-state error,
ess? Use the final value theorem and check your result with the answer to the previous
question. What is the type of this system and is your answer consistent with the system’s
type?

Solution: By the FVT

ess = lim
s→0

s2 + 10s

(s+ 5)2
= 0 = lim

t→∞
e(t).
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The system is type 1 and we expect the steady-state error to a step input to be zero.

Now let Ka be a variable. The following answers are independent of the previous questions.

(f) (2 points) Compute the controller gain, Ka that will achieve a damping factor ζ = 1/
√

2 ≈
0.7. What is the undamped natural frequency, ωn?

Solution: If ζωn = 5 and ζ = 1/
√

2, then ωn = 5
√

2 ≈ 7. Because ωn = 5
√
Ka, then

Ka = 2.

(g) (1 point) What is the range of values of 0 < Ka <∞ that will make the overall system
unstable?

Solution: Solving for the roots of the characteristic equation, we have:

s2 + 10s+ 25Ka = 0,

which yields s = −5± 5
√

1−Ka. No poles will ever be in the RHP.
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2. Consider the PD-controlled system in the following figure:

+ KP +KDs G(s)
r(t) y(t)

−

Let KD = 1.

(a) (1 point) Write down the transfer function, T (s), of this system.

Solution:

T (s) =
(KP + s)G(s)

1 + (KP + s)G(s)
.

(b) (2 points) Determine the sensitivity of this system’s transfer function to KP, i.e., SKP
(s) :=(

dT
dKP

) (
KP

T

)
.

Solution:

dT

dKP

=
G(s) (1 + (KP + s)G(s))−G2(s) (KP + s)

(1 + (KP + s)G(s))2

=
G(s)

(1 + (KP + s)G(s))2
.

This yields

SKP
(s) =

KP

(1 + (KP + s)G(s)) (KP + s)

(c) (2 points) Write down the expression for the sensitivity at a frequency of 1 rad/s, i.e.,
compute |SKP

(jω)| at ω = 1 rad/s, when G(s) = 1
s
.

Solution: At s = j, we have that G(j) = 1
j

= −j and

|SKP
(j)| =

∣∣∣∣
KP

(1 + (KP + j)G(j))(KP + j)

∣∣∣∣ =

∣∣∣∣
KP

(2− jKP)(KP + j)

∣∣∣∣

=
KP√

K2
P + 4

√
K2

P + 1
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3. Consider the following feedback control system:

+
K

s
+ 1 +

1

s(s+ 1)

2s

r(t) y(t)

−−

(a) (2 points) Write down the transfer function of the system, T (s).

Solution:

T (s) =

s+K
s

1
s(s+1)

1+ 2
s+1

1 + s+K
s

1
s(s+1)

1+ 2
s+1

=
s+K

s3+3s2

1 + s+K
s3+3s2

=
s+K

s3 + 3s2 + s+K

(b) (1 point) Use the Routh method to determine what values of the integral controller gain,
K > 0, guarantee that the system is stable.

Solution:
3 1 1
2 3 K
1 1− K

3
0

0 K

For stability we need 0 < K < 3.

(c) (1 point) For the range of K-values that cause the system to be unstable, how many poles
reside in the right-hand half-plane?

Solution: When K > 3 there are two sign changes in the first column of the Routh
table, which means that there are two unstable poles.

Page 5 of 6 Please go to next page. . .



Page 6 of 6


