
Problem 1 (20 points). Consider the LTI system with impulse response

shown below:
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a) (5 points) Determine the step response of the system.

Solution. Step input =) u(t) = 1(t). Let ys(t) be the step response.

ys(t) = u(t) ⇤ h(t) =
Z 1

�1
1(⌧)h(t� ⌧) d⌧ =

8
><

>:

0 t < 0R t

0 0.5 d⌧ 0  t < 2R t

2�t 0.5 d⌧ t � 2

=

8
><

>:

0 t < 0

0.5t 0  t < 2

1 t � 2

The step response is plotted below (the plot was not required):
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b) (8 points) Consider the input signal u(t) given in the plot below:
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Determine the output when the input is u(t). Note that

u(t) = A1(t) + B1(t� 4)

for appropriate choice of A and B.

Solution. Since u(t) = �21(t) + 31(t � 4), we have y(t) = �2ys(t) +
3ys(t):
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The plot of the output y(t) is below (the plot was not required):
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c) (7 points) Find the transfer function H(s) for the system.

Solution.

H(s) =
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Problem 2 (35 points). Consider the cart with a spring and damper:

m = 1 u(t)

displacement y(t)
Applied force: u(t)
Spring force: −ky(t)
Damper force: −bẏ(t)
Mass: m = 1

a) In parts (i)–(iv) below, assume the input is a step, that is,

u(t) = 1(t).

Solution: We first write the differential equation governing the displacement
as in:

u(t)− bẏ(t)− ky(t) = ÿ(t) (1)

Assuming that car is at rest initially, we can transform (1) to s-domain
as follows:

U(s)− bsY (s)− kY (s) = s2Y (s),

which gives us the transfer function:

H(s) =
Y (s)

U(s)
=

1

s2 + bs+ k
.

We first note that to be able to use the standard equations for overshoot,
settling time, and rise time we need to have pair of complex conjugate
poles. Note that the poles of the characteristic equation of H(s) are
−b±
√
b2−4k
2

. To have complex poles, for the rest of the questions, we need
b2 ≤ 4k, that is,

b ≤ 2
√
k.

Moreover, the quantities such as rise time, settling time, overshoot does
not make sense if our system is not stable, so to ensures stability we also
need:

b > 0, k > 0.

Recall the characteristic equation of a standard second-order system is
s2 + 2ζωns + ω2

n. Therefore, in our case K = ω2
n, and b = 2ζωn= 2ζ

√
k,

which can be rewritten in terms of ζ and ωn as:

ωn =
√
K, ζ =

b

2
√
k
.

i) (4 points) Find conditions on b and k to ensure that the rise time
tr satisfies tr ≤ 0.9.
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We need tr = 1.8
ωn
≤ 0.9 which leads to:

1.8√
k
≤ 0.9 =⇒

√
k ≥ 2 =⇒ k ≥ 4.

Note that to be able to talk about rise time, we need the system
to settle in a vicinity of its set point, and hence be stable and note
that need b > 0 to ensure stability.

ii) (4 points) Find conditions on b and k to ensure that the percent
overshoot Mp satisfies Mp ≤ 5%

Solution: To have Mp ≤ 5%, we need ζ ≥ 0.7. Then this leads to:

b

2
√
k
≥ 0.7 =⇒ b ≥ 1.4

√
k

We also need k > 0 to ensure stability.

iii) (4 points) Find conditions on b and k to ensure that the settling
time ts satisfies ts ≤ 4.

Solution: To have ts ≤ 4, we need 4.6
ζωn
≤ 4. Note that, in our case

2ζωn = b. Then this leads to:

4.6

σ
≤ 4 =⇒ 4.6

b
2

≤ 4 =⇒ b ≥ 2.3.

And to ensure stability, we need k > 0.

iv) (3 points) If all three conditions above (tr ≤ 0.9, Mp ≤ 5%, and
ts ≤ 4) can be satisfied simultaneously, find a choice of b and k that
achieves all three conditions. If b and k cannot be chosen to satisfy
all three conditions simultaneously, explain why.

Solution: To be able to satisfy all three conditions simultaneously
we need to satisfy:

b ≥ 2.3, b ≥ 1.4
√
k, k ≥ 4, b ≤ 2

√
k. (2)

One choice of b and k that satisfies (2) is k = 9, b = 5.
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b) (10 points) Let b = 6 and k = 5. Determine the output y(t) when the
input is the impulse, that is,

u(t) = δ(t).

Solution: The transfer function is

H(s) =
1

s2 + 6s+ 5
.

Therefore, output is also Y (s) = H(s), since U(s) = 1. Then we have:

Y (s) =
1

(s+ 5)(s+ 1)
.

Performing partial fraction expansion we have:

1

(s+ 5)(s+ 1)
=

C1

s+ 1
+

C2

s+ 5
, (3)

and from (3), we get:

C1 =
1

4
, andC2 = −1

4
,

therefore taking the inverse Laplace transform of Y (s) we get:

y(t) =
1

4
e−t − 1

4
e−5t, t ≥ 0.
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c) (10 points) Let b = 0.5 and k = 5. Determine the output y(t) when the
input is

u(t) = 4 cos(2t) −∞ < t <∞.

Solution: Firstly, note that in this class, we only covered unilateral
Laplace transform, because we considered inputs that are defined for
t ≥ 0. So the fact that the input is defined for all times should be a red
flag not to use unilateral Laplace transform in this question.

As we discussed in the discussion and in the lecture, the response of a
system to a sinusoidal input can be simply determined using the transfer
function. Recall that, by using Euler’s relation we derived the response
of LTI systems to sinusoidal inputs as:

u(t) = A cos(ωt) → y(t) = A|H(jw)| cos(ωt+ ∠H(jw)). (4)

In our case input is 4 cos(2t). Hence in (4), A = 4 and ω = 2. This
means that we need to compute H(2j).

H(2j) =
1

(2j)2 + 0.5(2j) + 5
=

1

−4 + j + 5
=

1

1 + j
.

Note that |H(2j)| = 1√
2
, and ∠H(2j) = −π/4, and therefore the final

answer is:

4 cos(2t) → 4√
2

cos (2t− π/2) = 2
√

2 cos (2t− π/4).
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