Formulas

e Inner product, norm, angle.

— Relation between inner product, norm, and angle: a’b = ||al| ||b| cos Z(a, b).

Average value of elements of an n-vector: avg(a) = (17a)/n.

— Root-mean-square value of an n-vector: rms(a) = |lal|//7.

— Standard deviation of an n-vector: std(a) = ||a — avg(a)1||//n.
— Correlation coefficient of two non-constant n-vectors a and b:

i (a- avg(a,)l)T (b — avg(b)1)
la — avg(a)1]| b — avg(b)1]”

¢ Complexity of basic matrix and vector operations (o is a scalar, x and y are n-vectors, A is an
m x n matrix, B is an n X p matrix).

— Inner product z7y: 2n — 1 flops (= 2n flops for large n).
Vector addition z + y: n-flops.

Scalar-vector multiplication az: n flops.

Scalar-matrix multiplication aA: mn fops.

|

Matrix-vector multiplication Az: m(2n — 1) flops (a 2mn flops for large n).

— Matrix-matrix multiplication AB: mp(2n — 1) flops (= 2mpn flops for large n).
e Pseudo-inverses.

— Pseudo-inverse of left-invertible matrix A: At = (AT A4)~147.

— Pseudo-inverse of right-invertible matrix A: At = AT(4AT)~1.
o Complexity of forward or back substitution with triangular n x n matrix: n? flops.

o Complexity of matrix factorizations.

— QR factorization of m x n matrix: 2mn? flops.

— LU factorization of n x n matrix: (2/3)n% flops.




Problem 1. Show that every 2 x 2 rotation matrix can be written as a product of two reflectors: for
every 8, there exist u, v such that

{ i o ] = (I —2wf)I-20"),  Jull = Jloll = 1.

sinfl - cos@

Without loss of generality, one can choose v = (1,0), so it remains to find w. You may find the
trigonometric identities cos # = cos?(6/2) — sin®(#/2) and sin @ = 2 cos(#/2) sin(6/2) uscful.

Answer for problem 1.
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Problem 2. Consider the n x n matrix A = af — 117 where a is a real scalar and 1 is the n-vector of
ones. We assume 1 > 1.

1. For what values of a is A singular?

2. Assuming A is nonsingular, express its inverse as a linear combination of I and 117,

177 (;)(!-‘r?) 3 (lg?)
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Problem 3. Consider an m x m block matrix A of the form

[ Aq 0 0k e 0 0
0 Ay 0o - 0 0
0 0 Az - 0 0
A % e ; : ; :
o e e
.. Aml Am2 AmS i i Am;m—l Amm el

Each block A;; and all the zero matrices in the definition are matrices of size n x n, so the matrix A
itself has size nm x nm. What is the complexity of solving Az = b in each of the following cases?

1. The matrices Ay are lower triangular and nonsingular.
2. The matrices Ay are orthogonal.

3. The matrices A;; are general nonsingular matrices.

Include in the complexity all terms that are cubic (n®, n®m, nm?, m®) or higher-order. Explain your
answers.

Answer for problem 3.

B e 0 , otk XTS5 o A-ve Uoy,
Heoum chi= 0 . |
- : ?'}' ‘ t
: ‘AW‘l,:rv‘—r 0 Yo
Aw\{ i 4 AW"W
An)‘; v l7| :
5 Az Xa f Eg\{‘gﬂ b,‘ 1S owm mﬁwc/é'w,

\ ;
& | Apetymet Py

Apni 1 % 41, ‘*wam"‘-‘ww:

o L LI

1) A T b!/ =y Aw-‘;w»; j S bww( [ Uﬂ SE/\MVTA w {{N\NW[ "A SWiQJMirW

> (m-1)(n?) = - T pqlwlfl\/
: medly —v¢ oy

nf\.’*W‘ Rg iy Km-y 0L \’Wi 50 At i 00 /’}m'm;f\?{m“i E W\{mﬂ/ﬁ/
’ ' 0 A,
— (- 1) (Z2nt) 4 {m-2In = 2\/\/\\/\1* [ ZACPN T PeE [Myﬂ“f\éﬂ'\y
N
ywu U %dd :
M1 e ;
lem Amw*m = bm = Zﬁm;‘ﬁi [ AW lrf SC'U\/‘( J( I}Y Ptfvv\/_wvc/( BWBG/)')LA/LM
‘ 7= 5] I r
— . mpleevh,

v

g




P o s S L gl e
2) (W IS I’E VV\'l/l A4 504/\/”( A”\,(I‘ —;[7] by (WV\)O’VI/\;IQWC?, X]‘ :A”’ b:
0o /f),'; 1 _oﬂffj'l/\arf?ma\/}.
5 (=110 = 21/1/\/‘/\1‘2\/\7'[01/\4?{?/("&%\/%7

=\ : /
2w th, AmiXi s m-| W\‘wg"m(rv‘tc/ﬂz“w

Wrr/\/\ Foqp i1 et vt L@’-\;‘/’W"?( 50

v '7'1£\fﬂfa"'[w%‘m> ol -t oy wolda

— (m-1)(2n*) «(m-D(n) = 2mn" - Zn<mn -» (W‘/"}‘b{l“tw/)\?
Thew 5000 A k= C by conmpwhingy Xn = Am €
= )" rowm »r;.w/fl«j‘

3) bjrfp ]1 'Ff/\f/é(/‘vf?{ AH‘ :P,Lf\/. '((/{ 2 {en

3 3
— m' %Vi s %vy\m

64{}02f For leiem-1, sdve Ajixi =l by Prleliy s by
n) St Bzl = 0 Ho},os ((arfv“w\w}m?frm o lry)
b et A i =y V\LHV}M ( Fovwowrd sub)
¢) St Vixi=zy > n® flops (hack swh)
— (m-D(2n%) = 2mant-2n? “V)OJ
Shep 0 (oo C= by = 375 A

= [(m-1)2n)+ [m-1)(n) = 2T =2n S = n

5](_!'7}0 Vl: Bﬂf\/\f—t Amm Yy = C by {')ml'mvm'?(m:(_
n) St Poym= b = { P!opj (pormuwtoty v
bl aabe Latea Yim =3 pl HVY,S (Formovl swh)
) ol Ut Tos = it Fleps Choede swh ) : %
i b . _

=t Hn)p) r
- @MH Lot U
/*_’__.,,_/




Problem 4. Let A be a nonsingular n x n matrix. Explain how cach of the following problems can be
solved with a single LU factorization of A. Describe the steps in your algorithms and give the complexity

of each step, including all quadratic and cubic terms in the flop count. If you know several methods
give the most efficient one..

1. Find the n x n matrix X that satisfies
AXA = uwT
where v and v are given n-vectors.

2. Find the n-vectors z, y that satisfy

g A bRl O
AT B 1y e |-
The n x n matrix B, and the n-vectors b, ¢ are given.

3. Find the n-vectors z, y that satisty

(441602

The n-vectors b, ¢ are given.

Answer for problem 4.

) AxA=uT KA VAT

L'C-‘q"\f’éﬁ“!/\. }Qi\[\j}_/“[’}

el i Lok 22007 v
B]rcpl 1(0\41 e A= PLU -'.}"”f/ygj \ T

2 S Mt PLUy=w =3 ) Hu],e)‘ . ' Vi i
n) Shve p\h«,m e (J;“orj (Y}t'\f\mm%mﬂ’fmj
b Bt Ly =9y 2 V\'Z'HVPS(F\NJ‘ swb) \
) Sl‘/\/\/‘f'v\{"- Yo D W Fla]/;s{bmb’k svA) |
20 5dwe UTLTPTz= v > 20" flops
0) St Uz = v = wn? Flops (P svb) )
b) SF/\/Y( L 235 2= V\7 .f c,).os (i)rf\b}t )

t
i

¢) St PT Z e ] HUP} F)QWW\,VJ}MW)J




F R

‘ A\':b'
D (5 D11 =

1 6\/ = (

S}Ep ¥ FLM#'W:?‘C A:PLU = ‘—2'5\/13 ’HD?OJ
A= UrLEp?
2. Dot PLV\/t e %Clc-)o)
n) b e P\!, g _Hr,yn (WW%;“)
b) St Ly =Y, = nt Flr/rs [Pl sk
DA% Vy=vy: = n* Hrzyas (b 500D,
3) (o By=z = 2n" Flops
1) Lok oh= -7 n Flop
5) St UTLTPTx = A = 2n® Flops
n) St YT =l = n® Horn ( Povwwondd 53A)
bl Gt LTy, =% 2 n” 1[,0’05 ( bearde swh)

Gl Scf\/\ff YOTXt ¥y = 0 Flops (pevwn whnhron)
(Tt £ i)

A BYRY . TE AcPy=b  Aleey) =) 2Ry = b+C
5)[#*A)(Y)“(°) 'ﬁﬁ*Agf( ﬁﬂwL)i( 2A1:h-a

5)“70 | Foadontz+ A=PLU - %Yﬁ “v’o")

2 Lompwhe k= 5610 520 flop>

30 (ompwhe F<4(6-0 —2n flops

v At PLUN z f —?2\/\1“0}9)
n) St Py, =k - Hffrﬂ) (;ODWV\MW’?YW)
b) ot Lyz =Y, ——w\lﬂys ( forvvoryd swA)
<) S Uy = Yo = mlepci (bonvke s0h)

E% 50'1/\1’[ PLVx: £ = In" HO)M
r pae Pe=F = § “o)m (prmmtonliod)
0] St Lra =% = n® Flogy (fmok swh)
() Sve Ux = X, nt H(/}/-]) (book swA)

ToA o wwp’\d,%ﬁ\j vty




Problem 5. Suppose A and B are left-invertible matrices of the same size that satisfy
AAT = BBT.
In this problem we show that B = AQ for some orthogonal Q.
1. Show that the matrix U = A'B is orthogonal.
2. Show that the matrix ¥V = B'A is orthogonal.

3. Show that U is the inverse of V.
i %

4. Pind an orthogonal matrix @ such that B = AQ.
Al Adiase
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