EE132A, Spring 2010 Communicatioys&ms
Prof. John Villasenor Midterm Exam

Midterm Exam Solutions
Note: Please be sure to clearly indicate your arsveead to show how you obtained
them. Any plots should be clearly labeled.
1. Fourier Transform (25 points)
(a) (10 points) Prove that whe(t) is odd and real, its Fourier Transfor f ), is odd
and imaginary.

(b) (15 points) Determine the Fourier transformdg” —a®) whereais a real number.

Solution

(a) The Fourier transform of(t) can be written as:
X(£)=[" x(e ™ dt = [ x(t) cos(arft Yit— [ x ¢)sin(arft it

We will first show thatX ( f ) is imaginary, and then show that it is odd. Since

X(t) and cos(rft are respectively odd and even functions with resfpettme, their
product x(t) cos(27ft )would be an odd function in time and thereforeititegral over

all times would be equal to zero. By contrasih(27ft )is an odd function in time, hence
X(t) sin(2rrft )would be an even function of time and have a (imegal) non-zero integral
over all time. Furthermore, becaus@) and sin(2rft are both real, the integral is also
real (assuming that th¢’‘factor is not within the integral, as written at@). Therefore,
X(f)= —jj'j: x(t)sin(2rft )dt will be purely imaginary.

For X(f) to be odd, we need to shot(—f) =-X(f). By substituting(—f) in X(f),

we have:

X(=f)==j[ x)sin(re1 x)t=-j[ x¢)C sin(@rft it = j[ x()sin(2rft gt =-X ¢

wheresin(27(-f X )= - sin(2rft 'because of oddness sin(2r7ft )function. Therefore,

X (f) is both imaginary and odd.
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(b) From definition of the Fourier transform we kav
FlaA-ad} =] dt*-afe’ at=[ d(t-3(t+3) e "dt
So, we have two valuegé)at which the argument of delta function is eqoatéro, and

where the delta function can be non-zero. At edchase two values, the term related to

the other root is fixed, i.ea.-((t —a)(t+a)) .= o(2at-a))
5((t - a)(t + a)) lt:—a: 5(_2a(t + a))

Therefore from the scaling property of the Foutiansform, applied to the delta function

5(2a(t -a)) = % 5(t-a)
we getd(at) :id(t). Thus: 1
4 3(-2a(t +a)) = 7 St +a)

Substituting in the Fourier transform formula abgwees:

Flar-ad} = dqt*-aj e"'mdt:jmﬁ qt-3 +qt+g e’ "dt
o = 2|al

_ cos(2rfa)

- e—j2nfa +ej 27Tfa]
4

1
[
2l4]



EE132A, Spring 2010 Communicatioysg&ms
Prof. John Villasenor Midterm Exam

2. Matched (and non-matched) Filter (25 points)
Consider the two pulse shapgﬁt) ands,(t) shown below.

(a) (5 points) Plot the impulse response of thechea filters,h, (t) and h,(t), matched
to the pulsess (t) ands, (t), respectively - in other wordé, (t) is the filter matched to
the pulses (t), andh, (t) is the filter matched to the pulsg(t) .

(b) (10 points) Fingy, (T), the output that occurs when the putsgt) is convolved
with the matched filteh, (t) to gety,,(t) = h(t)* s(?) , with y,, (t) then evaluated at
t=T.

(c) (10 points) Fing,,(T), the output that occurs when the putsgt) is convolved
with the h, (t) to gety,, (t) =h,(t)* s(t) , with y,, (t)then evaluated at=T . (This is not

a typo; this problem is asking you to determinedbput of a signal with a non-matched
filter.)

A A
s(t) s (t)
A A
2 2
T T 1 T T 3|7 ;
2 4 2 4
_A _A
2 2
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Solution
(a) The matched filter to the(§ and s(t) are:
These are shown in the following plots:

A A
h (t) h, (t)
» A
2 2
s Tt T T 3T ;
2 4 2 4
_A _A
2 2
(b)
Y (1) = hy(t)* s(1)
Osts%, A .
t
Y (t) = O‘E-EdT=——4t
—<t<T, A A Iz oA t A A
yll(t)zj —-Ed +jt_1——2.—2 .[I il Z)dr__(a o)
2 2
s |
_ A A — A A T A A A B
W)= [, 5 5ar 2= ar e [ - e = ar-a)
%<t<2‘|’l A A A2
;
(1) = L_T ‘E-—zd r=- —(ZT t)
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Yi(t)
2
s
4
T T 3T o7 ¢
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TIA
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2
The value at T isA4—T )

(C) ¥,,(t) =h,(t)* s(t), This gives:
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Osts%, ,
A
Y21(t):_7t
T T
PR A2 T
Y21(t) = 7 (t __2)
3T
2y A2 3T
=" (-2
Yau (1) 4( 2)
£<tsT,
4 A°
Y, (1) :7(3”- -3)
T<ts£,
4 A°
Y21(t):7(3-r_3)
5T er
e A2 9T
y21(t) = 7(3t _7)
6T vl
s A2 3T
Y21(t) = 7 (t _7)
M t<oT,
4 2

__A
Y21(t) - T (2T t)
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y21(tf
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The value at T is 0.
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3. Modulation and Squaring (25 points)

Consider a system shown in the block diagram below.

t
T (t) N ( ) Square Law Device [ = Y (t)

cos (2 fit)

The deterministic input signa(t) has a spectrunX ( f ), which is bandlimited to
| f|<W Hz.
a) (15 points) Determine a maximally simplified exmies for the spectrum{( f )

the Fourier transform of the outpy(t). Your answer should be a function of

X(f).
b) (10 points) Provide a block diagram of a systent ¢ha be used to reconstruct
x(t) from y(t), being sure to specify any constraints relatipgndW that

must hold in order for this system to work.
Solution
a)
Letz(t) = x(t) + coq 2rfit)
y(t) =2z(t)" =x(t)*+2x(t) cog 2rft) + cod( Zft)
Applying the trig. identitycos’ ( A) :%+—; cog 2),
we havey(t) = x(t)2 +2x(t) cog 27f1t)+%+% co$ Z 2t). (Note that even if you
don’t know this trig identity, you can easily obtat by associating squaring a cosine in

the time domain with the self-convolution of a pafidelta functions in the transform
domain.) Taking the Fourier Transform on both sigie&ls,

V()= X(F) X (1) # X (£ =)+ X (£ + 1) +25(1)+5(8(f -26)+ (1 +21,))

In the frequency domain this can be illustrateéodews (where the rectangles below
illustrate the locations of frequencies that areupéed, not necessarily the shape of the



EE132A, Spring 2010 Communicatioysg&ms
Prof. John Villasenor Midterm Exam

actual spectrum). Also, plot shows the case wHere3dW . If this is not met, then there
will be some overlap between components of the plot

t 1 [1T1 3 ¢t

b)

It is possible to reconstruot(t) perfectly fromy(t) using the block diagram shown
below.

Y (thandpass filter ———=tLowpass filter —g <t)

cos (2 fit)
1, f-W<|f|I<f +W
Bandpass filter characteristic:” fl<t,
0, otherwise
. L [fl<w
Lowpass filter characteristig:
0, otherwis¢

In order for this system to work, we need
f,-W>2W
Therefore,f, > @/
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4. Random Processes (25 points)

Consider a sequence of pulses where each pulsellagiconds, and consists of an
“active region” of duratioﬁ'/2 and a “dead region” of durati%. The amplitude of

each pulse in the active regiors where X is a random variable with meagm and

second momergt. The amplitude in the dead region is zero. Amgekisiin different
pulses are independent, identically distributddi(), drawn from the random variable
X given above.

X (¢
®) tq+ 2T
e e >
e _tatT __ Xo
X
as ld o L X
"> T e 2 e —2 3
td -3 <——2——>
ta — % < ———————— = t
X, r

The active regions start at times+t,. The random variablg is uniformly distributed
over[0,T). The proces (t) is stationary and ergodic in the autocorrelation.
(a) (12 points) FindR, (T), the autocorrelation corresponding®y (7) evaluated at
r=T.
(b) (13 points) FindR, (%) , the autocorrelation correspondingR) (r) evaluated

3T
atr=—-.
2

Solution

a) We consider two cases:
« Case A:X(0) and X (T) are in different active regions. For this case
E[ X (0)X(T)|A]= g, since the expectation of the product is the pcodi
the expectations.

10
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X (0) andX (T) can only be in different active regions whigris in the second half of
the[0,T)interval. (When it is in the first half of tH®, T) interval, then both 0 and T will
be in dead regions.) The probability thatis in the second half of tH®, T) interval is
0.5.

- Case B: Either or both o€ (0) andX (T) are in a dead region(s). For this case
E[X(0)X(T)|B]=0

Note that there is no possibility fot (0) andX (T) to be in the same active region.

In order to calculat®R, (T), we use:
R, (1)= SELX(O)X (1)1 ()

where i denotes the cases 1 and 2. This §y¢3) =%/,1X2.

b) O and% cannot be in the same active region. Additionafl@,is in an active region,
then T must also be in an active region, which ree3621-n is in a dead region (since active
regions have duration T/2). Similarly, if O is irdead region% is in an active region.

Thus, there is no possibility for O al%: to both be in different active regions. Thus,

(3o

11



