Communication Systems EE 132A UCLA Winter quarter 2014/2015
Prof. Suhas Diggavi Handout #26

MIDTERM
Wednesday, 11th February, 2015, 10:00-11:50
This exam has 4 problems and 80 points in total.

Instructions

e You are allowed to use 1 sheet of paper for reference. No mobile phones or calculators are
allowed in the exam.

e You can attempt the problems in any order as long as it is clear as to which problem is
being attempted and which solution to the problem you want us to grade.

e If you are stuck in any part of a problem do not dwell on it, try to move on and attempt
it later.

e Please solve every problem on separate paper sheets.

e [t is your responsibility to number the pages of your solutions and write on the first
sheet the total number of pages submitted.

Some relations that might be useful:

e The energy of a waveform z(t) can be calculated as E = [ |a(t)|dt.

e The energy of a vector representation « of a signal z(¢) can be calculated as E = =’ x.

The distance between two constellation points = (z1, z2,...,2,) and y = (y1,%2,- .-, Yn)
isd=|lx—yll2 = /> (@ — v:)*

902
L_e¢~ "7 dx, the tail probability of a standard normal distribution.

a)= [ =

Triangular identities:

sin(x + y) = sin(x) cos(y) + cos(z) sin(y).

sin(z — y) = sin(x) cos(y) — cos(x) sin(y).

cos(x + y) = cos(x) cos(y) — sin(zx) sin(y).

cos(z — y) = cos(z) cos(y) + sin(z) sin(y).
(

cos(m/4) = sin(r/4) = v/2/2.

Goobp Luck!



Problem 1 (Suorr QuEsTions (19 pts))

State whether the following can be labeled with YES or NO. In either case your labeling should
be accompanied by a justification. If the statement is NO, demonstrate what would be the

correct answer.

(a) Let X; be i.i.d. Gaussian random variables with mean 0 and variance o?. Then X =
+ Ef\; 1 X is also a Gaussian random variable with mean 0 and variance 0. [YES / NO]

(b) There are three coins, two of which are fair coins and one of which is an unfair coin.
When you toss a fair coin, the probability that you get a head is 0.5. When you toss the
unfair coin, the probability that you get a head is 1. Now you randomly pick up a coin
and want to determine whether it is the unfair coin. To determine this, you have done
an experiment: toss the chosen coin thrice and note down the number of heads and tails
observed. Then you make an MAP rule-based decision considering only the number of
heads and tails observed with no regard to the particular sequence. A result of 2 heads
and 1 tail leads to the decision that the chosen coin is unfair. [YES/NO]

(c) Consider the two communication schemes, 8-PSK and 8-QAM, whose constellations are

shown in the following figure.
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E,1 and E,o are the average energies of the 8-PSK and 8-QAM schemes. We assume that

for both systems, the received discrete signal is (Y1, Y2):

Y = X4 + Ny,
Yo = Xo + N,

where N; and N are i.i.d. Gaussian noises with mean 0 and variance o2. When the m-th signal
is transmitted, (X1, X2) = (Sm1, Sm2) is the coordinate of the point s,, in the constellation. The
AWGN noises in both systems are the same. To achieve the same probability of (symbol) error,
the 8-QAM needs a lower average energy to transmit the signals than the 8-PSK. [YES / NO]

[6pts]

[6pts]

[7pts]



(Hint: You can use the union bound P, < (M — 1)Q(d’2"—;ﬁ) to consider the probability of
error, where M is the number of signals, dy,;, is the minimum distance between any two signal
points, and o2 is the variance of the noise.)

Problem 2 (Surricient StaTisTics (20 pts))

Consider a communication system between the transmitter and the receiver, where two channels
are possible, as shown in the figure.
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The transmitter chooses one channel to transmit a signal twice to the receiver. The receiver
knows the signal transmitted by the transmitter, but does not know which channel the trans-
mitter chose. To model this, we assume that the transmitted signal is a fixed signal s, and
there are two hypotheses H =0 and H = 1, where H = 0 corresponds to channel 1 and H =1
corresponds to channel 2. The transmitter chooses the two channels with equal probability. If
the transmitter uses channel 1 to transmit the signal, the receiver receives Y = [V7, Y3]:

Yy = s+ Ny,
}6:3+N127

where the noises N1; and N2 are two i.i.d. Gaussian random variables with mean 0 and variance
o2,

If the transmitter uses channel 2 to transmit the signal, the receiver receives Y = [Y7, Y3]:

}/i:8+N217
Y = 5+ Nag,

where the noises Nop and Nog are two i.i.d. Gaussian random variables with mean 0 and variance

o2.

(a) We know that for two independent transmissions using the same channel, fy, v,z (y1,y2/i) =

(y=s)°
. . . T 202 . .
Ty Wli) fyam (y2li), and fym(yli) = \/ﬂlame *e41 | for i = 0,1. Find the con-
ditional probability density function that the receiver receives a signal y = [y1,y2],

iyl 1 (y1,92]0), given that channel 1 is used, and the conditional probability density
function that the receiver receives a signal y = [y1,92], fv; vs|m(¥1,¥2/1), given that chan-
nel 2 is used.

(b) The receiver needs to determine which channel is being used to transmit the signal. Find
the MAP decision rule for the receiver.

[10pts]

[10pts]



Problem 3 (Waverorms AND CONSTELLATION (18 pts))

Consider the signal waveforms in the following figure. Let the number of messages M = 6 and if

H=i,i=1,2,---,6, we transmit the signal s;(t). We assume that the signals are transmitted
with equal probability.
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(a) What is the dimension of this signal set? Find a set of orthonormal basis functions for [4pts]
this signal set. (Hint: You can do this without using the Gram-Schmidt procedure.)
(b) Find the coordinates of the six data symbols in the coordinate system based on the basis [4pts]
functions you found in (a) and draw the constellation points in the coordinate system.
(c) What is the minimum distance between two constellation points? What is the average [6pts]
energy used to transmit the signals?
(d) Draw the optimal decision region of each constellation point in the same constellation of [4pts]
Part (b).

Problem 4 (QPSK witn PuASE ERROR (23 pts))

We consider the 4-QAM (or QPSK) system with the constellation shown in Figure (i).
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For the 4-QAM system, we assume that the four constellation points are transmitted with
equal probability. However, in real systems, there may be a phase error for the transmitted
signals, as shown in Figure (ii). In this case, the real constellation points s; (i = 1,2,3,4) are
rotated an angle 6 (< m/4) from these ideal constellation points s} (i = 1,2, 3,4).

The receiver does not know the phase error, and considers the constellation points as the
ideal ones. Based on these ideal constellation points s, (i = 1,2,3,4), the receiver determines
its MAP decision rule, called rule-1.

Suppose that the average energy of the 4-QAM system is E; the average energy of the
4-QAM system with phase error is E,, and the zero-mean Gaussian noise has variance o?.

(a) In Figure (i), we can calculate the probability of error for the 4-QAM system. We first
consider the probability of correctness when s; is sent:

FE
Pojsy = Pr{y1 > 0,52 > Ofs1} = Pr{y1 > Ols1} Pr{yz > 0|s1} = [1 — Q(4/ ﬁ)ﬁ

where the received signals y; and g9 are independent Gaussians given s; is sent. We then
calculate the probability of error given that s; is sent:

P,

els1

:1_Pc\s1:1_[1_Q( 7)]2

Due to the symmetry, the probabilities of error given each signal is sent are equal. There-

fore P. = 1—[1 —Q( %)]2 = 2@(\/%) — [Q( %)]Z Furthermore, since Q(x) is
exponentially decreasing in 2 and [Q(x)]? is a small term compared with Q(z), we can

ignore the second-order term [Q(4/ %)]2 and write P, = 2Q(4/ %)

Following the above idea, calculate the probability of error in terms of F),, 6 and o for the
4-QAM system with phase error in Figure (ii). In Figure (ii), the real constellation points
are s; (i =1,2,3,4), but the receiver does not know the phase error and makes decisions
based on rule-1, which is designed for the ideal points.

(Hint: Note that the rule-1 may not be optimal for the 4-QAM system with phase error.

Consider the coordinates of s; and find the probability of correctness first.)

(b) If the receiver knows this phase error 6, it will change its optimal MAP decision rule to
rule-2. Draw the optimal decision region for the receiver based on rule-2 in Figure (ii).

[15pts]

[8pts]



