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(c) Linear 
 

( ) ( )[ ] ( ) ( )
( )[ ] ( )[ ] ( ) ( )nxbnnxannxTbnxTa

nxbnxannxbnxaT

2111

2121 )(
⋅⋅+⋅⋅=⋅+⋅=
⋅+⋅⋅=⋅+⋅Q

 

 
 Time-variant 
 

( )[ ] ( ) ( )knyknxknknxnknxT −=−⋅−≠−⋅=− )()(Q  
 
 Not BIBO stable 
 

( )
boundednotiswhichnwhennxnnxnny

Mnxinputboundedfor

∞→∞→⋅=⋅=

∞<≤

)()()(

Q
 

 

 
(a) We can use unilateral Z-transform to solve this problem.  
 

Perform the unilateral Z-transform on the above LCCDE (linear constant 
coefficient difference equation), we got 
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Because x(n) is righted sequence, therefore the inverse Z transform of the above eq. can 
be easily derived. 
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Because 2 < |Z| <3, therefore the 2nd term in the above eq. is right-sided seq. and the 3rd 
term of the above eq. is left-sided seq. The inverse Z transform of the above eq. can be 
easily derived. 
 
( ) ( ) ( ) ( ) ( )nununnx nn −⋅⋅−−⋅⋅−= −− 11 39124)(δ  

And ( ) ( ) ( ) 82,41,20 −=−=−= xxx  
 

(c) ( )
)

5
1)(

4
1( −−

=
ZZ

ZZX  

The inverse Z-transform x(n) can be calculated using residue method as following: 
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where the countour C is chosen to be inside R.O.C. 
 
The pole for X(Z) is 1/4 and 1/5. But because R.O.C. for X(Z) is |Z|>1/4, so all the poles 
are inside the contour and no pole is outside contour. Therefore x(n) can be derived by 
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Problem 5. A certain sequence, x(n), is a right-sided sequence such that
x(n) = 0 for n < 0. The sequence has z-transform

X(z) = ez−1

.

Find x(4), i.e., evaluate the sequence x(n) at n = 4. You may find the
following result useful:

eu =
∞∑

k=0

uk

k!
.

Solution.

X(z) = 1 + z−1 +
z−2

2!
+

z−3

3!
+

z−4

4!
+ · · ·

so

x(n) = δ(n) + δ(n − 1) +
δ(n − 2)

2!
+

δ(n − 3)

3!
+

δ(n − 4)

4!
+ · · ·

thus

x(4) =
1

24
.

Problem 6. A certain linear system has a response to a delayed unit step
given by

sk(n) = kδ(n − k),

that is, sk(n) is the response of the linear system to the input x(n) = u(n−k).
Find the response of this system to the input x(n) = δ(n − k), where k is
an arbitrary integer and determine whether or not the system is BIBO stable.

Solution.

Since
δ(n) = u(n) − u(n − 1)

then
δ(n − k) = u(n − k) + u(n − k − 1)

so
hk(n) = kδ(n − k) − (k + 1)δ(n − k − 1).
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For BIBO stability we check

∞∑
k=−∞

|hk(n)| < ∞.

We find ∞∑
k=−∞

|kδ(n − k) − (k + 1)δ(n − k − 1)|

= |n| + | − (n − 1 + 1)| = 2|n| −→ ∞
so the system is not BIBO stable.

Problem 7. Consider the following sequence:

y(n) =
n−1∑
j=0

n∑
k=j+1

x(k).

Find a closed form expression for Y (z) in terms of X(z).
Solution.

Note that

y(n) =
n∑

k=1

kx(k)

then observe
y(n) − y(n − 1) = nx(n)

so

Y (z) − z−1Y (z) = −z
d

dz
X(z)

hence

Y (z) = − z2

z − 1

d

dz
X(z).

You could also obtain this solution by noting

y(n) =
n∑

k=1

kx(k) =
n∑

k=0

kx(k) = nx(n)u(n) ∗ u(n)

and thus

Y (z) = −z
d

dz
X(z) · z

z − 1
= − z2

z − 1

d

dz
X(z).

2



Problem 8. Define the falling factorial polynomials by x[0] = 1 and

[x]n = x(x − 1)(x − 2) · · · (x − n + 1), n = 1, 2, 3, . . . .

The coefficient of xr in [x]n is known as the Stirling number of the first kind
and is denoted s(n, r). Thus,

[x]n =
n∑

r=0

s(n, r)xr.

Now let y(n) = [x]n and let x = α, 0 < α < 1. Find the first-order linear
differential equation that Y (z) satisfies. For 5 points extra credit solve the
differential equation for Y (z).

Solution.

Note that
y(n + 1) = (α − n)y(n) + δ(n + 1)

so that

zY (z) − αY (z) − z
d

dz
Y (z) − z = 0

or

Y ′(z) − z − α

z
Y (z) = −1.

To solve this differential equation note the integrating factor is

exp
(∫

−z − α

z
dz

)
= e−z+α ln z = e−zzα.

Therefore,

Y (z)
[
e−zzα

]
= −

∫
e−zzαdz + c

or
Y (z) = −ezz−α

∫
e−zzαdz + c

where the constant c is chosen so that Y (z)|z=∞ = 1 since y(0) = 1.
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