EE 113 Midterm Solutions
Spring 2006

Inst: Dr. C.W. Walker

Problem Points Score

1 9
2 11
3 15
4 15
S) 16
6 18
7 16

Total 100




Problem 1. For parts (a), (b) and (c) determine whether or not the system
is

i. linear
ii. time-invariant
iii. BIBO stable, i.e., bounded input-bounded output stable

a. y(n) = z(n).
Solution. linear, time-invariant, BIBO stable

b. y(n) = nx(n).

Solution. linear, not time-invariant, not BIBO stable

c. y(n) =2.

Solution. not linear, time-invariant, BIBO stable

Problem 2. Prove that for a causal LTI system, h(n) = 0 for n < 0.

Proof:

y(n) = Y z(k)h(n—k)= > x(k)h(n—Fk)+ i xz(k)h(n — k).

k=—o00 k=—o0 k=n+1

Since our system is causal the output at time n does not depend on the input
for k > n so the right hand expression above must be zero. However, since
we have no control over the input we must have

hin—k)=0Vk>n+1= h(n)=0Vn <0.

Problem 3. The impulse response for a causal LTI system is given. Deter-
mine whether or not the system is BIBO stable. Justify your answer.

a. h(n) = (%)nu(n)

Solution. An LTI system is BIBO stable iff >0 |h(n)| < occ.

n=—oo

2 [G) -2 ) -2

so this system is BIBO stable.



Solution.

S 1) um) = 301 = oo

n=-—o00 n=0

so this system is not BIBO stable.

c. h(n) = 1 u(n —2).

n
Solution. ~ ~ 1
- —9)| = Z =
2 fue-2]=5 5=

so this system is not BIBO stable.

Problem 4. Consider the system described by the following difference equa-
tion: 5 .
y(n) = y(n— 1) + =y(n —2) = a(n),

where,
z(n) = (1/4)" u(n), y(-1) =1, y(-2) =0.

a. Find a closed form expression for y(n).

Solution.
YT(Z)—%zl [YT(Z) + y(—1)2}+%22 [Y(z) +y(—1)z+ y(—2)22} = XT1(2)

Here

Xf(z) = 2_721/4 2] > 1/4
We find
Yiz) 3 15/2 26/3
z z—1/4 2-1/2 z-1/3
SO

=l (3) + 3 (5) -5 () [
b. Evaluate your y(n) at n = 30.

Solution.
y(30) = 6.98 x 107



Problem 5. Compute X (z), the forward z-transform, (if it exists) for each
of the following. Remember to specify the region of convergence in each case.
If the forward z-transform does not exist, explain why.

a. x(n) = (%)nu(n —1).

Solution. . .
X(z) == 1/3
@ =3 =5 >V
b. z(n) = 2"u(n — 2)
Solution. »
X(z) =4 Y |z| > 2

c. z(n) =2"u(n).

Solution. The z-transform does not exist.

a™u(n), nis a multiple of 4
y(n) = { 0, ) elsewhere, g ’
and
x(n) = y(4n).
Note that 0 is a multiple of 4.

Solution. Observe x(n) = a*™u(n). So

X(z) = —— > |a)*

()= —— |l > o]

Problem 6. For part (a) and (b) of the following compute x(n), the inverse
z-transform, using any method you wish. For part (c) use the residue formula.

Evaluate your expression for z(n) at n =0, 1,2 in each case.

2
—1
a. X(z) = 271, ROC corresponds to a right-sided sequence.
T2
Solution. ) 3/4
X(z)=z2+=—
() =243-7"95



SO

1\2
0= 3, 2(1)=—2, 2(2) =~
b. X(z)zm, ROC = {2:2 < |2| <5}.
Solution. . .
X(Z)_§Z—5_§z—2
o) = ~2 () u(-n— 1)~ 2(2)"u(n)
20)= —2, a(1) = —5, a(2) =
z 1
c. X(z)= G-OG=1) ROC:{2:|2|>§}.

z(n)= > Res X(2)z"', m>0
all poles
inside C

— > ResX(2)z"', m<0
all poles
outside C

where, m is the least degree of the numerator polynomial of X (z)z"!.

= ) Res 27N m >0
all poles (z=3)(=-1)
inside C
z
— Z Res 271 om< 0
all poles (z-39)(—13)
outside C

The numerator is



So,

or

Problem 7. A certain sequence, z(n), is a right-sided sequence such that
x(n) = 0 for n < 0. The sequence has z-transform

X(z)=¢€°

Find x(4), i.e., evaluate the sequence x(n) at n = 4. You may find the
following result useful:

Solution 1.

O () =) () = e ()

d 1
DV — -1 =z
zdz)((z) z7e® X(z)
Now
z -1 Z72 273
e =142z +?+?+"
1,271 -1, -2 A
z =z + z +7+?+



SO 5 .
o 273 2T
+?+?+'“>X(2)

1

nx(n) <= (z + 2~

thus _g i
() = o(n 1) + x(n —2) + 20T 2O S

If we evaluate X (z) at z = oo we find 2(0) = e and thus

z(l) =z(0) =e

(ezfl)k ek/z (k/z r

k

o 2PN

SO

and

Let




e ((F@y) =2

k=0

= (2% + 32° + )e”

x <<(f’(a:))')/>/ = i_o: Kot = (z* + 62 + T2 + z)e”

Let x =1 to get

o] 4

k=0

and thus v e -
> e

4 == _— — = —
"= 2 T TR



