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1. The frequency response of a discrete-time LTI system is H(e/“). The input sequence is

2(n) = cos <577Tn - %)

Determine and sketch the output y(n) if the magnitude and the phase of H(e’“) are given below:
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The input sequence is

51 T

z(n) = cos(7n — Z) — %(ej(%"”*%) + e*j(%”n*%)) — %e JEeiEn 4 Zelfei%n
Its DTFT is
. I o T . .
X)) = l;m(we Ta(w— 5 +27l) + el 4 5(w + 3 + 27l)

There are only two frequencies —7/2 and 7/2 in [—7, 7]. According to the system frequency response,
the output DTFT at each frequency is thus,
Y (2722 — 15w — m/2 4 2nl)e I eI/ 1 = 0,41, 42, ...
Y (7220 = (w4 /2 + 2ml)el ™ AT/ 1 = 0, 41,42, ...
Y (e/*) = 0, for all other w

Therefore, the output DTFT is

+oo
V()= 3 (Zéw—m/2+ 2nl) — Z5(w + 7/2 + 2nl)
J J
l=—00
Therefore, the output sequence is

y(n) = sin gn



2. Consider the discrete-time LTI system whose unit sample response h(n) is shown below

where k is an unknown integer and a, b and ¢ are unknown real numbers. It is known that h(n) satisfies
the following conditions:

(a) Let H(e’*) be the DTFT of h(n). H(e/“)el* is real and even.
(b) If x(n) = (—=1)™ for all n, then y(n) = 0.
(c¢) If x(n) = (%)nu(n) for all n, then y(2) = 3.
Answer the following questions:
(a) Show that if a sequence x(n) is real and even, its DTFT X (e/*) is also real and even.

(b) Provide a labeled sketch of the output y(n) when the input z(n) is shown below. Your answer
should not include a, b, ¢, nor k.

[ ]



(a) z(n) is even, i.e. x(n) = z(—n), therefore X (e/“) = X (e=7¥). This means that the DTFT is also
even.
x(n) is real, i.e. x(n) = z*(n) = 2*(—n), therefore X (e/* = X*(e/*). This means that the DTFT is

(b)

(1) Denote the system transfer function by H(z) = az=*=D 4+ bz=F 4 ¢z~ (F+1),

(2) Since H(e/*)e/* is real and even, then h(n + 1) is real and even. Therefore a = ¢, and k = 1.

(3) The transfer function becomes H(z) = a + bz~! + az~2.

(4) If z(n) = (—1)™, y(n) = 0, then H(—1) = 0. Therefore H(—1) =a—b+a =0, 2a =b.

(5) If z(n) = (1/2)"u(n), y(2) = 9/2, then y(2) = z(0)h(2) + z(1)h(1) + x(2)h(0). Therefore, y(2) =
9/4a,a=c=2,b=4.

(6) The z transform of the output sequence is Y (z) = H(2)X(z) = 2271 — 2273 + 427% + 4275,
Therefore the output sequence y(n) = 2d(n — 1) — 26(n — 3) + 46(n — 4) + 46(n — 5).



3. Each part of this problem may be solved independently. All parts use the signal z(n) shown below.
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(a) Let X(e’“) be the DTFT of x(n). Define
R(k) = X (€7*)]yo2z,0 <k <3

Sketch the signal r(n) which is the four-point inverse DFT of R(k).

(b) Let X (k) be the eight-point DFT of x(n), and let H(k) be the eight-point DFT of the impulse
response h(n) shown below. Define Y (k) = X (k)H (k) for 0 < k < 7. Sketch y(n), the eight-point
inverse DFT of Y (k).




(a) Note R(k) is the 4-pt DFT of x(n). Inverting R(k) creates time aliasing. R(k) = X (k) + X (k +
4),Vk = 0,1,2,3. Therefore, the sequence is (, -1,-1,2).

(b) The product of the DFT corresponds to circular convolution, i.e. linear convolution followed by
time aliasing. (2], -1,1,2,-2,1,~1,-2).



4. Consider the block diagram shown below. e(n)

? G(2) ®

H(z) = —— G(z):1_%z*1

z(n)

These transfer functions denote stable and causal LTI systems. Let {Y (e/*), X (e/*), E(e?*)} denote
the DTFTs of the signals indicated in the figure. Let also H(e/*) and G(e’*) denote the frequency
responses of the above systems.

(a) The DTFTs of the signal {z(n), e(n)} are shown below. Compute the energies of these sequences.
Compute also the signal-to-noise energy ratio at the input of the system, which is defined as

energy of x(n)

SNR = energy of e(n)
X(e?) E(e?)
2 2
1
| |
| |
| !
T _=z T ks w _ kid w
1 8 8 4 1 4
(b) Show that
Y(ej“’) _ H(ejw)G(ejw)X(ejw) + 1 E(e-jw) A X/(ejw) +E/(ej“’)
1—G(ev) 1—G(ev)

where X’(e%) refers to the contribution of the input signal z(n) at the output, while E’(e/*)
refers to the contribution of the interfering signal e(n) at the output.

(¢) Compute the signal-to-noise energy ratio at the output of the system, which is defined as

/
SNR = fnersy of z'(n)
energy of e/(n)

(d) Assume instead that
T . (T T
x(n) = cos (gn) , e(n)=sin (Zn + E)

Compute the steady-state response yss(n).



(a) energy of z(n)

= 1 1 7 7w 5
2 _ L Jwy2g, — = (T Ty 2
> el = 5 [ 1X(e) Py = (4= T3) = 2
n=-—-o0 27
energy of e(n),
+o0 3
1 . 1 4 1
> letl = 5 [ 1B = g2 [ Surao =]
a 27 2pi 2 3
n=-c 27 w=0
Therefore,
5 15
SNR=-3=— 1
0= 3 (1)

(b) According to the system diagram,
(X (ZVH (7)) + Y (e7*))G (7)) + E(e7*) = Y (e/¥)

rearranging yields the result.

(c)

_HR)GRE)
1
Therefore, |H;(e/?)| = |[Ha(e?*)| = 2, and SNR = 15/8.
(d)
Yss(n) = 2cos(gn) + ZSin(%(n +1)+ %)
T . om
= 2cos(§n) + ZSln(Zn + E)



5.

(a) x(n) is a real-valued, causal sequence with DTFT X (e/*). Show that the DTFT of z,(n) =
3(@(n) —x(=n)) is jIm{X (e/)}.

(b) x(n) is a real-valued, causal sequence with DTFT X (e/“). Determine a choice for z(n) if the
imaginary part of X (e/) is given by:

Im{X (e/*)} = 3sin(2w) — 2sin(3w)
and
/ X (e?*)dw = 31

(c) yr(n) is a real-valued sequence with DTFT Y,.(e/*). The sequences y,(n) and y;(n) in the
figure below are interpreted as the real and imaginary parts of a complex sequence y(n), i.e.

y(n) = yr(n) + jyi(n).

yr(n) yr(n)

y(n) = yr(n) + jyi(n)

H(ejw) . yz(n)

Determine a choice of H(e/*) so that Y (e/*) is Y,.(e?“) for negative frequencies and zero for
positive frequencies between —7 and 7, i.e.

j Y, (e3), —m<w<0
Jwy )
Y )_{ 0, O<w<m

10



(a) Because z,(n) = 3 (x(n) — x(—n)),
X,(7) = 5(X(e9) = X(e ™)) 2)
Because (n) is real, z(—n) = 2*(—n). Therefore X (¢~7) = X*(¢#*). Therefore,
Xo(6) = L(X () ~ X*() = jIm{X ()} 0

(b) Because jIm{X (e/} = 3/2e7?% — 3 /2772 — eI3% 4 733« 1,(n) = 3/26(n + 2) — 3/25(n — 2) —
d(n+3) + d(n —3). Also since the sequence is causal, z(n) = 2§(n — 3) — 36(n — 2) + 2(0)d(n).

x(0) is determined as follows,

2(0) = % / X (e7)dw = 3,2 (@)

w=—T

Therefore, x(n) = 26(n — 3) — 36(n — 2) + 3/26(n).
(c) Y(e/*) = Y, (e7%) + jY;(e?%) = Y,.(e7%) (1 + jH (e’*)). To satisfy the constraints,

l,-mr<w<0

1+jH(ejw):{ 0,0<w<T

Therefore,

; 0,—mT<w<0
Jwy 9
Hie )_{j,0<w<7r
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1. The frequency response of a discrete-time LTI system is H(e/“). The input sequence is

2(n) = cos <577Tn - %)

Determine and sketch the output y(n) if the magnitude and the phase of H(e’“) are given below:

[H ()]

ZH (%)

NE




The input sequence is

51 T

z(n) = cos(7n — Z) — %(ej(%"”*%) + e*j(%”n*%)) — %e JEeiEn 4 Zelfei%n
Its DTFT is
. I o T . .
X)) = l;m(we Ta(w— 5 +27l) + el 4 5(w + 3 + 27l)

There are only two frequencies —7/2 and 7/2 in [—7, 7]. According to the system frequency response,
the output DTFT at each frequency is thus,

Y (2732 — 15w — m/2 4 2nl)e I AeI™/A 1 = 0,41, 2, ...
Y (7220 = (w4 /2 + 2ml)el ™ Ae I/ 1 = 0,41, 42, ...
Y (e/*) = 0, for all other w

Therefore, the output DTFT is

+oo
Y (e?¥) = Z (mé(w — /2 + 27l) + wo(w + 7/2 + 27l))

l=—0c0

Therefore, the output sequence is



2. Consider the discrete-time LTI system whose unit sample response h(n) is shown below

where k is an unknown integer and a, b and ¢ are unknown real numbers. It is known that h(n) satisfies
the following conditions:

(a) Let H(e’*) be the DTFT of h(n). H(e/“)el* is real and even.
(b) If x(n) = (—=1)™ for all n, then y(n) = 0.

(c) If z(n) = (—%)n u(n) for all n, then y(2) = 3.

Answer the following questions:

(a) Show that if a sequence x(n) is real and even, its DTFT X (e/*) is also real and even.

(b) Provide a labeled sketch of the output y(n) when the input z(n) is shown below. Your answer
should not include a, b, ¢, nor k.

[ ]



(a) z(n) is even, i.e. x(n) = z(—n), therefore X (e/“) = X (e=7¥). This means that the DTFT is also
even.

x(n) is real, i.e. x(n) = z*(n) = 2*(—n), therefore X (e/* = X*(e/*). This means that the DTFT is
real.

(b)
(1) Denote the system transfer function by H(z) = az=*=D 4+ bz=F 4 ¢z~ (F+1),

(2) Since H(e/*)e/* is real and even, then h(n + 1) is real and even. Therefore a = ¢, and k = 1.

(3) The transfer function becomes H(z) = a + bz~! + az~2.

(4) If z(n) = (—=1)", y(n) = 0, then H(—1) = 0. Therefore H(—-1) =a—b+a =0, 2a =b.

(5) If z(n) = (=1/2)"u(n), y(2) = 9/2, then y(2) = x(0)h(2) + x(1)h(1) + z(2)R(0). Therefore,
y(2) =1/4a,a=c=3,b=6.

(6) The z transform of the output sequence is Y (2) = H(2)X(z) = —3271 + 3273 — 627% — 6275.
Therefore the output sequence y(n) = —36(n — 1) + 3d(n — 3) — 66(n — 4) — 65(n — 5).



3. Each part of this problem may be solved independently. All parts use the signal z(n) shown below.

3
[ ]
2
1
L 2 L 2 L 2 . 2 . 2 n
1 0 2 3 4 5 l 7 8
-1 -1

(a) Let X(e’“) be the DTFT of x(n). Define
R(k) = X (€7)]ym2z,0 <k <3

Sketch the signal r(n) which is the four-point inverse DFT of R(k).

(b) Let X (k) be the eight-point DFT of x(n), and let H(k) be the eight-point DFT of the impulse
response h(n) shown below. Define Y (k) = X (k)H (k) for 0 < k < 7. Sketch y(n), the eight-point
inverse DFT of Y (k).




(a) Note R(k) is the 4-pt DFT of x(n). Inverting R(k) creates time aliasing. R(k) = X (k) + X (k +
4),Vk = 0,1,2,3. Therefore, the sequence is (, -1,-1,3)

(b) The product of the DFT corresponds to circular convolution, i.e. linear convolution followed by
time aliasing. (1],~1,1,3,~1,1,~1,-3).



4. Consider the block diagram shown below. e(n)

? G(2) ®

H(z) = —— G(z):1_%z*1

z(n)

These transfer functions denote stable and causal LTI systems. Let {Y (e/*), X (e/*), E(e?*)} denote
the DTFTs of the signals indicated in the figure. Let also H(e/*) and G(e’*) denote the frequency
responses of the above systems.

(a) The DTFTs of the signal {z(n), e(n)} are shown below. Compute the energies of these sequences.
Compute also the signal-to-noise energy ratio at the input of the system, which is defined as

energy of x(n)

SNR = energy of e(n)
X(e?) E(e?)
2 2
1
| |
| |
| !
T _=z T ks w _ kid w
1 8 8 4 1 4
(b) Show that
Y(ej“’) _ H(ejw)G(ejw)X(ejw) + 1 E(e-jw) A X/(ejw) +E/(ej“’)
1—G(ev) 1—G(ev)

where X’(e%) refers to the contribution of the input signal z(n) at the output, while E’(e/*)
refers to the contribution of the interfering signal e(n) at the output.

(¢) Compute the signal-to-noise energy ratio at the output of the system, which is defined as

/
SNR = fnersy of z'(n)
energy of e/(n)

(d) Assume instead that
T . (T T
x(n) = cos (Zn) , e(n)=sin (gn + 5)

Compute the steady-state response yss(n).



(a) energy of z(n)

= 1 1 7 7w 5
2 _ L Jwy2g, — = (T Ty 2
> el = 5 [ 1X(e) Py = (4= T3) = 2
n=-—-o0 27
energy of e(n),
+o0 3
1 . 1 4 1
> letl = 5 [ 1B = g2 [ Surao =]
a 27 2pi 2 3
n=-c 27 w=0
Therefore,
5 15
SNR=-3=— 1
0= 3 (1)

(b) According to the system diagram,
(X (ZVH (7)) + Y (e7*))G (7)) + E(e7*) = Y (e/¥)

rearranging yields the result.

(c)

_HEG(E)
mGE) =3=6m =*
1
Moz) = =gy =%

Therefore, |H;(e/?)| = |Ha(e?*)| = 3, and SNR = 15/8.
(d)

Tn) + 3sin(%(n F1) g)
4
gn) + 3sin(%n + ?ﬁ)

yss(n) = 3 cos(

S

= 3 cos(



5.

(a) x(n) is a real-valued, causal sequence with DTFT X (e/*). Show that the DTFT of z,(n) =
3(@(n) —x(=n)) is jIm{X (e/)}.

(b) x(n) is a real-valued, causal sequence with DTFT X (e/“). Determine a choice for z(n) if the
imaginary part of X (e/) is given by:

Im{X (e/*)} = 2sin(2w) — 3 sin(3w)
and
/ X (e?¥)dw = b

(c) yr(n) is a real-valued sequence with DTFT Y,.(e/*). The sequences y,(n) and y;(n) in the
figure below are interpreted as the real and imaginary parts of a complex sequence y(n), i.e.

y(n) = yr(n) + jyi(n).

yr(n) yr(n)

y(n) = yr(n) + jyi(n)

H(ejw) . yz(n)

Determine a choice of H(e/*) so that Y (e/*) is Y,.(e?“) for negative frequencies and zero for
positive frequencies between —7 and 7, i.e.

j Y, (e3), —m<w<0
Jwy )
Y )_{ 0, O<w<m

10



(a) Because z4(n) = $(z(n) — z(—n)),
X,(7) = 5(X(e9) = X(e ™))
Because z(n) is real, z(—n) = z*(—n). Therefore X (e77¥) = X*(e/*). Therefore,

Xo(e?) = %(X(ej“) = X*(e7)) = jIm{X ()}

(3)

(b) Because, jIm{X (e/“} = e/2¥ —e 7% —3/2e33% 4+ 3 /2e 773 z,(n) = 6(n+2) —d(n—2) —3/25(n+
3)+3/28(n — 3). Therefore, Also since the sequence is causal, x(n) = 3d(n —3) —25(n — 2) +z(0)d(n).
(

x(0) is determined as follows,

2(0) = % / X (e7)dw = 5,2

w=—T

Therefore, x(n) = 36(n — 3) — 26(n — 2) + 5/2(n).
(c) Y(e/*) = Y, (e7%) + jY;(e?%) = Y,.(e7%) (1 + jH (e’*)). To satisfy the constraints,

l,-mr<w<0

1+jH(ejw):{ 0,0<w<T

Therefore,

; 0,—mT<w<0
Jwy 9
Hie )_{j,0<w<7r
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