EE113: DIGITAL SIGNAL PROCESSING
Midterm 1 Practice Problems

Problem 1

Compute the convolution of x[n] and hln|, y[n] = x[n| * h[n].

a) xz[n] = {-3,7,4} and h[n] = { % ,3,2,1}

b) z[n] = u[n] — u[n — 7] and h[n] = (0.9)"u[n|
Solution:

a) y[n] = {—12,19,31,23,15,4}

n;O

b) We can express the convolution as

ylnl = > 0.9%ulk](uln — k] — uln — 7 — k])

k=—00

We can omit the u[k] term and reduce the sum to

ylnl = 0.9%(uln — k] —uln — 7 — k))

Notice that for n < 0, both u[n — k] and u[n — 7 — k| are 0 for every k in the range of

the sum. Therefore, y[n] = 0 for n < 0.

For 0 <n <7, uln —7— k] is 0 for every k in the range of the sum, so y[n]| is:

yln] = > 0.9 (uln — )

Forn > 7: .
yln] = 0.9%(uln — k] — uln — 7 — k))
y[n] = Z 0.9%



We can make a substitution » = n — k, then

209" r_ g 09 i

1-0.9"1!
Finally,
y[n] = %(u[n] —uln —17]) + 0.9"%@71 — 7]
Problem 2
a) Consider a discrete-time complex signal z[n] = A[n]e’*", where A[n] = |z[n]| and ¢[n]

is the phase of the signal x[n].
Derive the relationship between A[n] and A[—n|, and ¢[n] and ¢[—n] when the signal
is

i) conjugate symmetric

i) conjugate antisymmetric

b) Now consider a discrete-time complex signal x[n] = a[n| + jb[n], where a[n] is the real
part and b[n] is the imaginary part of z[n]. Is a[n] and b[n| odd or even when the signal
x[n] is:

i) conjugate symmetric

ii) conjugate antisymmetric
Solution:

a) i) The condition for conjugate symmetric signals is

In our case,

Hence,
Aln| = A[—n]
—¢[n] = ¢[—n]
ii) The condition for conjugate antisymmetric signals is
z*[n] = —x[—n]
In our case, 4 '
A[n]e—m[n] — _A[_n]6]¢[—"]

Aln)e 9 = A[—n]etimesol



Hence,

—¢[n] = ¢[-n] L7
b) i) The condition for conjugate symmetric signals is
x*[n] = x[—n]
In our case,
a[n] — jbln] = a[—n] + jb[—n]

For the equality to be true, a[n| = a[—n] and —b[n] = b[—n]. Hence, a[n] is an
even signal and b[n| is an odd signal.

ii) The condition for conjugate antisymmetric signals is
z'[n] = —x[-n]
In our case,
aln] — jb[n] = —a[—n] — jb[-n]

Hence, a[n] is an odd signal and b[n| is an even signal.

Problem 3

Assume x[n| has nonzero samples only in the interval —N; < n < N,. Generally, over what
interval of time will the following sequence have non-zero samples:

yln] = xln] x z[n]

Solution: From the property of convolution derived in the problem 5.23 and covered in
Discussion 4, we know that if two signals x[n] and h[n| are such that z[n| only has non-
zero samples in the range Ny < n < Ny and h[n] has non-zero samples only in the range
Np1 < n < Ny, then their convolution y[n] = z[n] * hln| can only have non-zero samples in
the range Np1 + Ny <n < Npg + Nyo

For y[n] = z[n] % z[n|, y[n] will generally have non-zero samples in the range —2N; <
n < 2N,.

Problem 4

Prove the distributive property of the periodic convolution:

Z[n] @ (g[n] + 2[n]) = zln] @ gln] + 2[n] © 2[n]

Solution: The periodic convolution of two signals h[n] and #[n] is defined as Z[n|®@h[n] =

ZkN;Ol z[k|h[n — k], where ® is the periodic convolution operator and NV is the period of both
Z[n] and h[n].



Z[n] @ (gln] + 2[n]) = ) Z[k](gln — k] + Z[n — k)
= - zk]g[n — k] + z_: zlk]Z[n — k]

Problem 5
Consider the following system: y[n] = Y}, grz[k]
a) Is the system linear? Prove your answer.

(a)
(b) Is the system time-invariant? Prove your answer.
(c) Is the system causal? Prove your answer.

)

(d) Is the system BIBO stable? Prove your answer. (Hint: You may need to use triangle
inequality: o +y| < [z] + [y])

Solution:

(a) The system is linear.

1
Sys{aiz1[n] + apza[n]} = ?(041331%] + (a2 [k])
k=1
—~ 1 —~ 1
= Zal%xl[k] -+ @2?1’2[1{7]
k=0 k=0

= a15ys {aqx1[n]} + az {asxs[n]}

(b) The system is time-varying.

Sys{z[n —m|} = %x[lﬂ —m]
in—m) =Y cali

The two sums are not equal.



(c) The system is causal since the output at time n, only depends on the samples from
time n and before.

(d) The system is BIBO stable. Let z[n] be bounded: |z[n]| < B,.

lyln]| =
k=0
Using triangle inequality
|1 |1
bl < 3 |l = 3= | |1t
k=0 k=0
The sum >, |55 | [z[K]| is certainly smaller than
|1
> || B
k=0
Hence,
n 1 n 1 1 — (1/2)n+1
< | B: < B: | =Bi————
ylrll < £ |or| 7 = ]; ok 1-1/2

so y[n| is bounded.

Problem 6

Consider a signal z[n| that has a DTFT depicted in the figure below in the range [—m, 7.

1.5

X(0)

05

-mf2 0 w2

Find the expression for the DTFT of the signals below:
(a) x1[n] = nz[n — 1]

(b) @a[n] = %" (x[n] + 2[n])



(b) z,[n], the odd part of x[n]
Solution:
(2) X1(Q) = j5(X(Q)e™?)

(b) X5(€) = X*(Q—7/2)

(b) X,(Q) = X(Q)-X (=)

2

Problem 7

Consider the system composed of parallel connection of two LTI systems.

»  hy(n) _l

> ha(n) —T

(a) If unit-step response of the equivalent system (the response when the input is a unit-
step function) is y[n] = r[n + 1] — r[n — 1] and hy[n] = u[n] — 2u[n — 1] + u[n — 2], find
and sketch ha[n].

(b) Find the equivalent impulse response of the system h.q[n]. The equivalent response is
defined by the following relation: y[n| = z[n] * hey[n].

(c¢) Find the response of the system y[n| for z[n| shown in the figure below.

L ]
[=1 2
=l 2

L ]
we

L ]

Solution:

(a) The system response to u[n] is

y[n] = uln] * (hi[n] + haln]) = u[n] * hy[n] + uln] * ha[n] (1 pt)



Furthermore,

uln] * hi[n] = u[n] * (u[n] — 2u[n — 1] + uln — 2])

[
= u[n] x uln] — 2u[n — 1] x u[n] + u[n — 2| * u[n]
=r[n+ 1] — 2r[n] + r[n — 1] (2 pts)

Where we have used the fact that u[n| * u[n] = r[n + 1]. Now we can find hs[n],
u[n] * holn] = y[n] — uln] * hi[n]
uln] * ha[n] =rn+ 1] —rin—1] —rn+ 1] 4+ 2r[n] — rn — 1]
ul[n] * ha[n] = 2r[n] — 2r[n — 1]
ul[n] * ha[n] = u[n] x 2u[n — 1] — u[n] * 2u[n — 2]
ul[n] x ho[n] = u[n] * (2u[n — 1] — 2u[n — 2))
Hence, ha[n] = 2u[n — 1] — 2u[n — 2] = 2§[n — 1]. (1 pt)

(b) Since this is an addition of the outputs of two parallel systems, h., = hi[n| + ho[n] =
u[n] — 2u[n — 1] + uln — 2] + 2u[n — 1] — 2uln — 2] = u[n] — u[n — 2J.

hgln]




Problem 8

Let z[n] be a periodic signal with period N. Its DTFS representation is given by

N-1
.27
Z[n] = Gped NEm
k=0
where ¢, are the DTFS coefficients.
Show that if Z[n] is a complex signal and conjugate symmetric (Z*[n] = Z[—n]), then
Im{,} = 0.
Solution 1:
N-1
- 27
Cp = x[n]e I N
n=0

We take the conjugate of both sides of the expression above

N—1
- 27
Cr = x*[n]ed N hn
n=0
Using the fact that *[n] = Z[—n]
N—1
- 27
Cr = r[—n]el ¥
n=0
We make the substitution m = —n
0 2
Cr = Z z[m]e I N Em
m=1—-N

We can freely shift the starting index of the summation above without changing its value
and we shift it by N — 1 to the right

~k — —jZ km
cn = Z x[mle N
m

=0

The expressions for ¢ and ¢ are identical, therefore ¢ = ¢;. This implies that Im{é;} = 0.

Solution 2:



N-1

o —j 2T
E cp€ N

k=0
N-1
Z 27Tkn
-0
N-1
~ j2ﬂ]€'I’L
Z[—n] — *[n E (¢r, — e =0
=0

2 Z Im{é,}e ¥+ =0
k=0

This implies that either Im{,} is 0 or orthogonal to e~ kn

. However, since e %" is an
orthogonal basis, its null space is {}. therefore Im{¢é;} = 0.

Problem 9

Consider a periodic signal Z[n| signal with one if its periods shown in the figure below.
Calculate its DTFS coeflicients ¢;,.

1.5

x[n]

0.5

Solution: After applying the DTFS analysis equation on x[n], we get

G = % + ie‘ﬁf’f + ie—fzﬂ”“
This evaluates to
co = 0.75
¢1 =0.25
co = —0.25
c3 = 0.25



