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EE103

Midterm Exam

Do NOT OPEN UNTIL EVERYONE IS READY TO START

e You have time until 9:15.
e Only this booklet should be on your desk. You do not need a calculator.

e Write your answers neatly and concisely in the space provided after each question. You
can use the blank pages on the left as scratch paper. Provide enough detail to convince
us that you derived, not guessed, your answers.

Your name: __b

Your student ID#: _—

Your left neighbor’s name: ‘
Your right neighbor’s name: Q

Problem 1| = /25
Problem 2| = /25
Problem 3| [b /25
Problem 4| |3 /25
Total |44 /100




Important formulas and definitions

Lecture 1. Vectors and matrices

e Relation between inner product and angle between two vectors: z7y = ||z|| ||y|| cos £(z, y)

e Flop counts for basic matrix and vector operations. Suppose a € R, z,y € R",
Ae Rmxn’ Be Rnxp.

— Inner product z7y: 2n — 1~ 2n

— Vector addition z + y: n

— Scalar multiplication az: n

— Matrix-vector product Az: m(2n — 1) =~ 2mn

— Matrix-matrix product AB: mp(2n — 1) =~ 2mpn

Lecture 3. The solution of a set of linear equations

A
e Definition of matrix norm: ||A|| = max u”—
z#0 |||

e Properties of the matrix norm:

| Al = maxzy=1 [|Az||

lla Al = |o|||Al| for & € R

I|A]l > 0 for all A4; ||A]| =0if A=0

lA+ Bl < ||A]l + |1 BI|

|Az|| < [|Al}[|z]| for all z € R"

IAB)| < [[AlIBT ~

1/|lA7Y|| = mingxo(]|Az||/]|z]|) if A is square and nonsingular
lA]| [JA~Y| > 1 if A is square and nonsingular

e Definition of condition number: x(A) = || 4] ||A7}]|
e Error bounds for Az = b, A(z + Azx) = b+ Ab:

[|Az]|
llll

< n(A)'i‘—bﬂ

Az|| < ||A7H|||Ab),
lAz]| < |A™[ll|Abll ol

Lecture 4. Solving linear equations

Cost of solving Az = b when A € R™ " is upper or lower triangular: n? flops

Lecture 5. The LU factorization

Cost of LU factorization A = PLU: (2/3)n® flops if A € R**"

Lecture 6. The Cholesky factorization
Cost of Cholesky factorization A = LLT: (1/3)1* flops if A € R™"



’roblem 1. (25 points)

We have encountered the matrix
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in the context of polynomial interpolation. A matrix of this form is often badly conditioned.X,
As an example, suppose

/, v =1, ty = 2, t3 =3, R -1 =n—1, tn, = n.
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Answer for problem 1.
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Problem 2. (25 points). l\j’\ o j
Suppose the matrix wHm /75 /jL —
I B At 2.7
A= =
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is nonsingular, where B is m x n and C is n x m. * e )

The cost of solving Az = b using the standard method for dense matrices is (2/3)(n + m)3
flops, since A has size (n + m) x (n + m). Describe a more efficient method, assuming that
n and m are large, n > m, and B and C are dense. If you know several methods, give the
most efficient one.
Clearly state the different steps in your algorithm and give the cost (number of flops for
large n, m) of each step. What is the total flop count (keeping only the leading terms)?
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Toblem 3. (25 points)
Suppose you are asked to write code for solving two sets of linear equations

Az = b, (A+uvT)y =b,

where A is n x n and given, and u, v, and b are
We assume that A and A + uv” are nonsi

The cost of solving the two syste rom scratch is (4/3 ﬂops Give a more efficient
method, based on the expression

iven n-vectors. The variables are z and y.
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(A+uwT)l=4"1_

(You do not have to derive this formula.) . WQ__/

Clearly state the different steps in your algonthm and give the flop count of each step (for
large n). What is the total flop count (for large n)? 4

oo

Answer for problem 3.
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Problem 4. (25 points)

A matrix A is tridiagonal if aij =0 for i — j| > 1, i.e., A has the form

’- a1 apg 0 e 0 0 0
d1 G2 Q3 --- 0 0 0
0 agzy azz --- 0 0 0

0 0 o .- An-2n-2 An-2,n—1 0
0 0 o --. On-1n-2 Qp_in-1 An—_1,n

) 0 o --. 0 Qpn—-1 Qnn
The matrix
2 2 0 0 o0
2 8 -2 0 o0
0 -2 3 -1 0 -
0 0 -1 8§ -2
0 0 0 -2 3

is an example of a 5 x 5 symmetric tridiagonal matrix.

What is the cost of computing the Cholesky factorization of a general tridiagonal positive
definite matrix of size n x n? Count square roots as one flop andkeép“bﬁly the leading term
in the total number of flops. Explain your answer.
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